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ABSTRACT.   Let   V be a vectot space over a field   F of zero character-

istic, which is acted upon by the symmetric group.   Systems of generators for

V are constructed, which have special symmetry and skew symmetry properties.

This is applied to prove that every multilinear polynomial identity of degree

In + 1  which holds in the matrix ring  F    (n > 2)  is a consequence of the stan-

dard identity   s7   .   The notions of rigid and semirigid sequences of matrices

are defined and treated.

0.   Introduction.    Let f(x  , • • • , x  ) be a polynomial in noncommutative vari-

ables over a field  F  and let   R  be an F-algebra.   The polynomial / is an identity

in  R  provided ¡(a   , • • • , a.) = 0 for all a., • • • , a,   in  R.   R  is called a Pl-ring

if it has some nonzero polynomial for an identity.   For instance, the commutative

rings satisfy the identity xy — yx = 0.   More generally, Amitsur and Levitzki

proved in [l] that the matrix ring of order n over a commutative ring satisfies the

identity s^ = 0,  where  sfc(x. , • • • , x,,) = 2aelk (- 1)%(. ) • • • xa{k)  (here  \

denotes the symmetric group on il, •••, M),   s,   is called the standard polynomial,

or standard identity of degree  k.   s,   is an example of a multilinear polynomial, i.e.

a polynomial having the form f(x   , • • • , x, ) = Sae 2  0-,-X    ,•,••• xaik\ with a^ € F.

For a more detailed discussion of the theory of polynomial identities see [2]

and [3l.

In this work  F  is assumed throughout to be a field of zero characteristic,

and  F    denotes the ring of n x n matrices over  F.   Our main concern here is

with the vector spaces   V,   of all the multilinear identities of  F     in the variables

x  , ■ • • , x,.   It has been known for a long time that  V, = Í0Î for k < 2n (i.e. F

satisfies no nonzero identities of degree less than 2n) and that   V?     is spanned

by the standard identity  s     .   It is also known that   F     satisfies an identity of

degree   ]/¿(n + \)(n + 2) - 1  which does not follow from s     .   (This result of

Amitsur has not been published.)   Here a first attempt is made at classifying the

identities of degrees higher that  2n.   For the simplest case, namely that of de-

gree  2w + 1  (it turns out that already this case is not at all simple!) we achieve
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complete results:   It is proved that the space  V2     .   is spanned by identities that

follow from s2   ,  and its dimension is computed.

The machinery developed in the course of proving the above theorem might be

useful also in the more general case.   We first study general spaces acted upon by

the symmetric group and construct for them systems of generators with special

symmetry and skew symmetry properties (§1).   It therefore suffices to prove the

main theorem for such generators of V2     ., and this is done in §§3 and 4.   In the

course of such a proof one requires a lot of substitutions from  F    with predeter-

mined properties; §2 provides some criteria of combinatorial character which guar-

antee the existence of such substitutions.   In §5 the dimension of V .     ,   is com-
¿n +1

puted (it is 4n(n + l)) and the paper is concluded with an example:   an identity

in  V-,     ,   is constructed, which does not seem trivially to follow from  s„   ;  as a
2n+l ' ' In

matter of fact, we had to resort to the main theorem in order to see this.

Unfortunately, the degree of complexity of the case we have treated permits

us little hope for the treatment of higher degrees.   Some essential improvement on

our techniques seems to be needed.

1.   Representation modules for the symmetric group.   A vector space  V over

F which is a module over the group algebra  F(2, ) is called a representation

module for 2,.   Recall that  2,   is the symmetric group on  {l, ••• , k\ and  F  is

a field of zero characteristic.   Our chief example of a representation module is

the space  V,   defined in the introduction.   The action of 2,   on  V,   is defined by

Z7/(x1,.-.,Xfe) = /(x77(1), ...,XffU)),

or, more explicitly, if /(xj, •.., xA = 2^^ a0x(T(l) •" xa(k) then

»/-   Z   ^V(l)-  xno-(k)=   £   a   -I    *«T(l>"**«x(fcr
"\ "h n

This action induces on  V,   the structure of  F(2, )-module, thus turning it into a

representation module for 2,.   Note that if fix  , • • • , x.) is an identity for F

then so is fix , ••• , x..), that is,  Vk  is closed under the action of 2,.

Definition.   Let V be a representation module for 2,   and suppose an element

v £ V and numbers   1 < i < j < k are given.   Let (/';') be the transposition in  2,

interchanging the numbers  i and /' and leaving the rest fixed,   v is called (z/)-

symmetric if (ij)v = v and  {ij)-skew symmetric if   (z'/)z; = - v.

For instance, a polynomial fix , • • • , x. ) e V, is (z'/)-symmetric if and only

if /(• • • x . • • • x . •••) = /(... x . ••• x . • • •) and (z'/)-skew symmetric if and only if

/(••• x¿ ••• x ....) = -/(... x .••• x ... .). In terms of the coefficients 0-a of /,

/ is (z/)-symmetric if and only if o. = o.^ for all a £ 2,, and (z';')-skew sym-

metric if and only if  O- = - o.     for all  a £ 2, .
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It is convenient to characterize the symmetry and skew symmetry of elements

of  V using the operator o.. £ F(S,), defined as follows:

a.. - HÜ + Uj)).

Note that a., is an idempotent linear transformation in V, and that the set of

(z'/)-symmetric ((z'/)-skew symmetric) elements is just  Im a., (ker a).   In other

words, v is (z'/)-symmetric if and only if a., v = v and (z';)-skew symmetric if and

only if a. v = 0.

Lemma 1.   Let  V be a representation module for 2,   and suppose an element

v £ V and distinct numbers p, q, r from among   1, • • • , k are given.   If a    v = 0

then a   a   v = ,4o   v.
pr   qr "   pr

Proof.

= lAopr(qr) « K(l + ipr))(qr) = V4((qr) + (>X*r))

= W((fr) + (9r)(p?)) = VAqrtl + (pq)) = lA(qr)opq.

Hence  (CTpr^r - ^prV = V2(qr)apqv = 0.     D

Theorem 2    (Lifting skew symmetric elements).   Let   V be a representation

module ¡or X,,  (7   a«  F-subspace of V.   Suppose distinct numbers  i., « • «, i

from among  1, • • • , k are given, such that  U is  a¿   • -invariant for all  1 < ¡i < v

< r.   If v £ V satisfies  a¿   ■    = 0 (mod U) for all  1 < ¡i < v <r then there exists

v   £ V satisfying  v   = v (mod Í7) and a¿  ivv   = 0 for all  1 < ¡i < v < r.    Moreover,

if v  is (ij)-symmetric where  [i, j\F\ \i     — , i j = 0, ¿¿g« f' will remain (ij)-

symmetric.

Proof. We use induction on r, assuming for convenience that {t., •• • , i ! =

¡1, ••• , r\. For r = 1, v =v will obviously do. Suppose there is already given

v   £ V satisfying v   = v (mod U), <7    v   =0 for  1 < p < q < r - 1  and a..v" = v",jo pq _ r i   _ jj >

and proceed to define

Since v = v (mod U) and (/ is ct -invariant we have tr v" = a v = 0 (mod L/) for

p = 1, •••,r- 1; hence, by the definition of v , v = v" = v (mod Í7). To compute

°qrv   = ^aqr ~ ^/r) ^I^i °qr°p)v ' consl<^ei tne summation on p.   For p = q we
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get the term a     which is just a   .   For p ¿ q the induction hypothesis gives

a    v   - 0 so that Lemma 1 is applicable, yielding  a   a   v   = Vio   v .   Summing up

we have

a   v
<¡r

\ t r    j   qr qr

If now any numbers   1 < p < q < r ate given, write  (pq) = ipr)iqr)ipr), hence  ipq)v

= ipr){qr)ipr)v' = (- Irv   = — v    and  a    v' = 0.   Finally, the disjointness of  \i, j\

and ¡1, • • • , r\ implies that  a., commutes with a = 1 - (2/r) "ï.r~, a     and in-
■' r i¡ p = \     pr

ducting on r one obtains

o~..v   = a. .av    = ao~. .v

that is,  v    is (z/)-symmetric.     D

Definition.   Let  V be a representation module for 2,   and suppose an ele-

ment  v £ V and a number r > 0 are given,   v  is called r-symmetric if for some

distinct numbers  L, /,; z'2> /'; • • • ; i , j   from among  1, • • • , k v is iiyj Asym-

metric, v = 1, • • • ». r.   If, in addition v is (^ç)-skew symmetric for all  1 < p < q

< k such that   \p, q\ O {z'j, /'  , • • • , iy ; j = 0 then v  is called r-perfect.

Note that every v £ V is 0-symmetric.   On the other hand, v is 0-perfect if

and only if it is (p^)-skew symmetric for all   1 < p < q < k.   In particular, a poly-

nomial f £ V,   is 0-perfect if and only if it is a scalar multiple of the standard

polynomial  s,.

Theorem 3.   Let  V be a representation module for  2,   and let  S    and P    be

the subspaces of V spanned respectively by its r-symmetric and r-perfect ele-

ments.   Then

(a) S   = P   + S    ,   for all r > 0.
v   '      r r r+1   ' —

(b) V = Pn + P. + • • • + P   + S    ,   for all r> 0.v   ' 0 1 r r+1   ' —

(c) V = Pr. + P. +•••+■ P   for some  t,   that is,   V is generated by its perfect

elements.

Proof,   (a)  Clearly S   D. P   + S    ., so we prove the reverse inclusion, noting

that it is enough to do so for r-symmetric elements only.   Let v £ V be r-sym-

metric and assume for convenience that v is  (l 2)-, (3 4)-, • • • > (2r - 1 2r)-sym-

metric.   Then, for every  2r < p < q < k,  a    v is (r + l)-symmetric, i.e., a    v =

0(mod S   ,). Since it is easy to verify that 5        is ff    -invariant (it is enough to
r+1 J J r+1 pq °

show it is (/^-invariant), Theorem 2 is applicable yielding a v   £ V  such that
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v   = v (mod 5,   ,), a    v   = 0 for all  2r < p < q < k and a..v   =v    for (ij) = (l 2),
ft + 1 pq — ¡2

(3 4), • • • , (2r — Í r).   But this just means that v   £ P,   and v — v    e Sfe        that is,

v e P, + 5,   ,.
k       « + l

(b) Apply (a) a few times in succès ion to get

V = S0 = po + 5i = po + pi + s2 = • • • = po + pi + • • • + pk + s*+r

(c) There exists  t for which S    . = \0\ and, by (b), this is the  t we are

after.    □

2.   Rigid sequences . Let a   , • • • , a,   be matrices in F    and let  u = (a.,

• • •, a,).   The number & is called the length of the sequence  u and is denoted

/(zz).   The value of zz is the product  w(zz) = a    . a    • • • a,.   The unit matrices are

the matrices  e ..  in   F    having   1   in the (z, /)th   position and  0 elsewhere.   A

sequence   u = (a., ••• , a.) is called n-simple if every a    is some unit matrix and

the set of indices of these unit matrices contains at most  n distinct numbers.

For example, a sequence of unit matrices from  F    is always «-simple.   A sequence

is nonvanishing if it assumes a nonzero value.   Clearly, the value of a nönvan-

ishing simple sequence must be a unit matrix.

Definition.   Let  u be a nonvanishing 22-simple sequence,   u is called n-rigid

if none of its nontrivial permutations assumes the same value as   u.

For instance, the sequences  (en, e?12, e22, e    , e    ) and (e12> e    , e    ,

e    , e   A are 3-rigid sequences of length  5.

It turns out that rigid sequences can be neatly characterized in terms of the

derived sequence which we now define.   Let a be a nonvanishing «-simple se-

quence.   Then   u must have the form

u = (e .   .  , e .   .  , e .   .,■■■, e .   .       ).
'\l2      l2ll      !3!4 Vß + 1

The number sequence  (z,, i., 1',, • •• , i,    ,) will be denoted  u    and called
l ¿ D ft +1

the derived sequence of  u.   Conversely, every sequence  u   = (i , i  , ••• , i       )

such that the set [2,, ••• , z,   A has at most « elements defines an «-simple se-

quence   u having  u   as its derived sequence.   Note that  l(u ) = l(u) + 1.   The

derived sequence u   of u is called n-rigid if and only if u is «-rigid.   Finally,

suppose there is given a number r and a sequence  u   = (2., •••, i,   .) such that

r = iy for some  \ <v <k + I.   We then say that z'„ is an occurrence of r in z/, or

that  r occurs in  u    in the n:h position.   Such an occurrence is external if  v = 1  or

y = /i + 1, and internal otherwise.

The notion of rigidity is of interest mainly for «-simple sequences of length

2« - 1  (i.e.  l(u ) = 2«).   This is because the maximal length for which «-rigid se-

quences exist is   2« - 1, as follows easily from the proof of the next theorem.
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Theorem 4.    Let u be a nonvanishing n-simple sequence of length 2n - 1,

u    its derived sequence.   Then u is rigid if and only if the following two condi-

tions hold:

(i)   Every number r occurring in  u    occurs in it exactly twice.

(ii)   Denote the first and second occurrences of a number r in u    by  iv. (r)

and i'v2(r) respectively (i.e.   ¿v,(r) = ¿v2(r) = r an<^ vAr)<vAr)).   Then for no r

and s does the relation vAr) < v.is) < vAr) < vAs) hold.

We may think of the two positions of occurrence of r in u   as a pair of paren-

theses, thus obtaining the following  interpretation for condition (ii).   The sequence

of parentheses defined by  u   is well formed, i.e. two pairs of parentheses may be

separated  (   )   (   )    or nested (   (    )    ) , but not interlaced (   (   )   )  .
r r   r    s    s r    s    s    r r    s    r    s

Proof,   (a)  Suppose zz is rigid.   To prove (i), assume on the contrary that

some r does not occur in u   exactly twice.   Since  u   has length  2rz and at most

n numbers occurring in it, our assumption implies the existence of an r which

occurs in u   at least  3 times.   These three occurrences of r decompose the orig-

inal sequence  u  into four blocks, zz = (zz., u , uy u .), such that /(zz.),  /(zz A > 0,

liuA, liuA > 1 and viuA = viuA = e   .   Thus the blocks  u. and zz3  may be trans-

posed in zz without affecting its value—a contradiction.   To prove (ii), assume we

do have a relation v^ir) < v.is) < vAr) < i^2(s), i.e.  r and s  occur in zz    in the

order  • • • r • • • s • • • r • • • s • • • .   Then   u can be decomposed into  5  blocks   u =

(z/j, u2, u, u , u A such that  liuA, /(zz  ) > 0,  l{uA, l{u A, Hu.) > 1  and  viuA =

viu A = e    .   Transposing  zz    and  u    we obtain a contradiction as before.

(b)   Suppose u satisfies the condition (i) and (ii) and proceed by induction

on n to prove  zz  rigid.   For n = 1   the assertion is trivial.   For n = 2 it is enough

to consider sequences   zz    starting, say, with  1.   There are only two such se-

quences satisfying (i) and (ii), namely  (l, 2, 2, 1) and  (l, 1, 2, 2,),  and the se-

quences  u defined by them,  (e12> e2 , e.A and  (e,,, e.   , e     ) are clearly seen

to be rigid.   For  n > 3  we may find  r whose second occurrence in  u    immediately

succeeds the first one, and both are internal.   To see this, choose any number r

occurring only internally, which is possible since   n > 3 and by (i) at least  3

distinct numbers must occur in  zz .   If it happens that vAr) = r,(r) + 1 then we

are done.   If not, let s   , • • • , s   be all the numbers having one of their occur-

rences (hence both by (ii)) between v^ir) and  i^2(r), where the notation is so

chosen that i^j(r)< t'1(s1)< v^isA <   • • • < i^Up <v2(r).   It is then easily seen

that the two occurrences of s    are internal and the one immediately succeeds the

other.   So choose r as above, and note that, in the original sequence u, r occurs

inside a block of the form e, , e   , e      and nowhere else.   Let un be the se-
it       rr      rm 0

quence obtained from  u by replacing the block e. , e   , e      by the single term
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e    .    Then  zz„  is an (« - l)-simple sequence (r does not occur in it) of length

2(« - l) - 1,   satisfying (i) and (ii).    By the induction hypothesis   u.   is rigid, from

which it easily follows that so is  u.     D

Theorem 4 enables us to determine the possibility of constructing a rigid se-

quence, when the positions of occurrence of some indices are predetermined. This

is the content of the next theorem.

Theorem 5.   Let there be given distinct numbers r.,•••, r,, k < n, and for

each r. let a pair v.(r.)<vAr.) out of {1, • • • , 2«! be given, so that all the

v.(r.) are distinct.   In order that there should exist an n-rigid sequence  u of

length  2« - 1 for which the numbers  vAr.), vAr) would be   the positions of oc-

currence of r. in u , it is necessary and sufficient that the following two condi-

tions shall hold:

I.   The number vAr.) - v,(r •)  is odd for  2 = 1, • • « , k.
2   i l    z '

II.   For no  i and j does the relation  vAr) < vAr.) < vAr.) < vAr.) hold.

Proof.    To prove necessity, suppose such zz exists, and invoke the conditions

of Theorem 4.   It follows that each number occurring in  u   must occur between

the two occurrences of a particular r. either twice or not at all.   Thus the number

vAr.) — vAr.) - 1  of positions between the two positions occupied by r. is even,

proving condition I.   Condition II is obvious.

We shall now prove that the conditions also suffice, assuming for convenience

that  \rv ••• ,rk\ = \l, •-., k\.   Write  A = \v.(r)\ r = 1, • • • , k , j = 1, 2\.   We

shall call the numbers   1, • • • , 2«   "positions," and describe them as "occupied"

or "vacant" according to whether they belong to  A  or not.   Our objective is then

to fill in the vacancies so as to obtain a rigid sequence u .   If there are no vacan-

ies, then the sequence  u    defined by the given positions   v .(r) satisfy (i) and (ii)

of Theorem 4 and is therefore rigid.   Suppose now that the number of vacancies

is > 0 (i.e. k < n), and note that the number of vacancies between   v.(r) and

^2(r) must always be even.   For both the number of occupied positions and the

total number of positions between  v^(r) and  i^2(r) is even (the former by   II, the

latter by I).   We start the construction of u   by assigning two vacancies for k + 1

as  follows.    vAk + l)   is defined as  the  first vacancy, i.e. the smallest number

not in A.   If vAk + l) + 1  is also vacant, take  vA,k + 1) = vA.k + l) + 1.   Sup-

pose, on the other hand, that  vAk + l) + 1  is occupied.   We assert that there ex-

ists a sequence of numbers  s .,•••, s     1 < s . < k,  such that

(1) !/,(«,)« !/,(& + 1)+  1,

(2) vl(s.)=v2(s._l)+ 1,  « = 2, .-.,/,

(3) uAs)+l  is vacant.

Indeed, since  v^k + 1) + 1   is occupied we must have   vAk + l) + 1 = i/.ts.) for
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some  1 < s    <k.   Here j cannot be  2,  for this would imply only one vacancy be-

tween v\(s.) and v2is,) (namely,  v.ik + l)), whereas this number is known to be

even.   Thus v.ik + l) + 1 = v.isA.   If ^2(s,) + 1 is vacant, our assertion is

proved taking í = 1.   If not, we have  vAs.) + 1 = v.is A for some   1 < s    < k.

Again /' must be  1, for suppose  7 = 2 and consider v^is  ).   By II,  v^is A cannot

be between  i^.(s  ) and vAs.), hence it must be smaller than  v.ik + l).   The

vacancies between  vAs A and  vAsA are therefore made up from those between

fj(s  ) and ^2^1^ ^an even number) and  v^(k + l), which is impossible since

this number must be even.   Thus  vAs A + 1 = v.isA.   Continuing in the same

manner, one finally arrives at an   1 < s   < k such that either vAs ) = 2« or

v2is ) + 1   is vacant.   But just as before the number of vacancies smaller than or

equal to  vAs )  is odd, whereas the number of vacancies smaller than or equal to

2« is even (namely,  2rz - 2k).   So we conclude that vAs ) + 1  is vacant, which

proves our assertion.   We now define  v (k + l) = vAs ) + 1.

[At this stage, the partially-filled sequence  u   has the following form:

(•••, k + 1, Sj, •••, Sj, s2, •••, s2, •• • , s(, •" , s[t k + 1, •••).]

Let A = !i^(r)| r = 1, • • • , k + 1, j = 1, 2! be the extended set of occupied

positions.   We assert that  A  still satisfies conditions I and II of the theorem.

The case where   vAk + 1) + 1  was vacant (and subsequently was defined to be

vAk + 1))  is trivial, so proceed with the other case.   The positions between

vAk + l) and  vAk + 1) are

v^sA, • • • , ^j^l^' ^i(s2^' " ' ' ^k^' ' ' * ' ^i^,)» " • ' v2(s¡),

so there is an even number of them and condition I is proved for  k + 1.    For   1 <

r < k, I is easily seen to be preserved.   To establish condition II, assume that

for some  1 < r < k we have  vAk + l) < vAr) < vAk + l).   Then, by the construc-

tion of  v.ik + l),  we also have  ia(s.) < v.ir) < vAs .) for some   1 <.» <./,   forcing

v. is .) < vAr) < vAs .) since II holds in  A.   Thus  vAk + l) < vJr) < vAk + 1).

Similarly one proves that if  t^Jr)  is between  v.ik + l) and  ^(ze + l) then so is

v^ir).   Since II holds in A, what we proved suffices to establish its validity for

A, thus proving our assertion.   The number of vacancies is thus reduced by 2,

and induction on this number concludes the proof of the theorem.    G

To illustrate the general construction given in the proof of Theorem 5, we

shall fill in the vacant positions in the following sequence:

«'=(1,2, 2,., 3, -,4, 4, -,3, 5, •, -, 5, -, 0,

so as to obtain a rigid sequence. Here n = 8 and the occupied positions are

i/jd) = 1, i^2(l) = 16; vx(2) = 2, i/2(2) = 3; ^(3) = 5, i^(3) = 10; z^(4) = 7,

i^2(4) = 8;  i/j(5) = H,  1^(5) = 14.   The vacant positions are  4, 6, 9, 12, 13, 15.
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The general construction first yields   1^(6) = 4 and  v2(6) =15  (the sequence

s   , • • ■ , s    being in this case  s, = 3 and  s2 = 5),  then  1^(7) = 6,  v2(l) = 9  and

finally  i/.(8) = 12,   1/(8) = 13.   The complete sequence is

u' = (1, 2, 2, 6, 3, 7, 4, 4, 7, 3, 5, 8, 8, 5, 6, 1),

Note that if we were given, say,  1^(5) = 13   (instead of   14)   there would be no way

to complete  u    rigidly.

One application we shall need later is the following

Corollary 6..   Let   l<s, <s„<..><s   < 2« — 1  be given numbers such that

s . - s .       > 1   for z = 2, • • . , t.   Then there exists an n-rigid sequence of length

2« - 1,  having in its s .th position an idempotent for all  1 < 2' < t.

Proof. Choose arbitrary distinct numbers 1 < r , • • • , r < « and define a se-

quence  u   = (z'v, • « « , 2,  ) by 2      = 2       , = T,, • • • , i     = i      , = r .   By Theorem
n 1 2n      '    s 1       sj+1        1' st       st + l       t        '

5, this partial definition of  zz    can be completed rigidly, and the sequence  zz  de-

fined by u    satisfies all the requirements.    D

Numerous additional applications will occur in §^3 and 4.

So far, we were concerned with «-simple sequences of length  2« — 1,  but our

main interest in the sequel will be with longer sequences, where rigidity is impos-

sible.   To render the above theorems applicable in the more general case we intro-

duce the following term.

Definition.    An «-simple sequence  u  is called n-semirigid if by deleting a

certain number of idempotents, one can obtain from u an «-rigid sequence of

length 2« - 1.

For instance, (e. , e , e22< e j, e,,) is a 2-semirigid sequence of length 5:

By deleting the idempotents in its 3rd and 5th positions, a rigid sequence is ob-

tained.

Semirigid sequences are useful because for them it is easy to determine the

value-preserving permutations (i.e. permutations for which the permuted sequence

has the same value as the original one).   Indeed, let  u be semirigid and let   zz.

be  a rigid  sequence of length   2« - 1  obtained from  zz  by deleting some idem-

potents.   Suppose

' av...,ak

a .  , • • • , a .
M '/i

is a value-preserving permutation of u.   Then by ignoring the above idempotents

in both rows of this representation,   a induces a value-preserving permutation of
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uQ, which must be the identity since  zz„  is rigid.   From this analysis it is seen

that the action of a on u can only amount to an interchange of some of the extra

idempotents  e.. with adjacent blocks having the value  e.. (of course the block

may be of length  1,  in which case it is just another e..).

As an illustration, consider an n-semirigid sequence  zz of length 2n.   u is ob-

tained from a rigid sequence  uQ by adding a single  e...   Since  zzQ has just one

block of value   e.. (corresponding to the two occurrences of  z  in  u,), there is only

one nontrivial value-preserving permutation of u,  namely, that interchanging  e ..

with the e..--valued block.   Similarly it is easy to see that the number of value-

preserving permutations (the identity included) of an rz-semirigid sequence  u of

length 2n + 1  is  4 or 6, depending on whether u is obtained from zz„ by adding

two distinct or identical idempotents.

Finally, the following observation seems to be of interest.   So far the multi-

linear identities of the matrix ring have been fully characterized in three cases:

degree < 2n - 1  (only the zero polynomial), degree  2rz and degree  2n + 1  (only

identities following from the standard identity s     ).   In all these cases only semi-

rigid substitutions were used in the proof, which leads us to the following conjec-

ture:   A multilinear polynomial which vanishes under every semirigid substitution

from  F    is an identity of F .   As indicated above, this conjecture is true for all

polynomials of degree  < 2« + 1.   To demonstrate the power of the conjecture we

point out that it implies almost immediately (with the aid of Theorem 5) the Amit-

sur-Levitzki theorem mentioned in the introduction.

3.   Main theorem:   the  perfect case.   From now on we shall be concerned ex-

clusively with the space  V2     .,  so we call it A  for short.   Recall that A  is the

vector space of all multilinear identities of  F    in the variables x, , • • « , x.
r n 1 ¿n +1

By the Amitsur-Levitzki theorem, s       is an identity of F  ,  hence  A  obviously

contains the following identities:

<f>. = x.s2n(x], ... ,x._v x. + 1, •••,*2„ + l)>        «'- li •••»2»+ 1,

^i = S2n^V °">*i-l> Xi*V'"'X2n+l^i'        « » 11 • • • » 2« + 1,

Xi; = 52n'Xl' " * ' Xi-V XiXj' Xi + V" ■> Xj-V xj + V ' ' * ' X2n+\1,

i, j m 1, . .. , In + 1,   l/j.

Let  B  be the subspace of A  spanned by these identities.   Our main theorem

states that, for  n > 2,  A = B,  i.e. every identity in  A    follows from the standard

identity s     .   The proof is based on the following corollary of Theorem 3.

Theorem 7.    Let  A   be as above and let   T be the set consisting of all the

1-perfect polynomials of A,  all the 2-symmetric polynomials of A  and the stan-



MULTILINEAR IDENTITIES OF THE MATRIX RING 185

dard polynomial s,     ,.   Then A   is spanned by  T.
r    J 2n + l r

Proof.   Note first that by the Amitsur-Levitzki theorem s2„ + i  is in A, for

we have s       j = rf>   - <f>   + c/>   -</>+••- + cf>2     ,.   This expansion is analogous

to the expansion of a determinant by first row and is easily proved.   (What we have

actually shown is that  s £ B.)   The proof of the theorem now immediately fol-

lows from Theorem 3(b), since  A   is a representation module for  S and PQ

is spanned by  s .    D

In order to prove the main theorem it is enough by Theorem 7 to prove  T Ç ß.

Since we have already seen that s2        £ B,  it is necessary to establish ß-mem-

bership only in the cases of 1-perfect polynomials and 2-symmetric polynomials.

The former will be treated in the present section and the latter, which is more in-

volved, in the next.   But first we list the results of applying the operators (kl)

and  a, . of §1, to the polynomials  <f>.   and X.. defined above.   Let  z, /', k, I be

distinct numbers; then

(a) {kl)<p.=-<p. hence  ct,,</>.= 0;  U)</>. = (- l)k~ul<f>. hence  2o..6.=
Z Z K. L       i Z X t K.       Z

*. - (- 1)*-'^.

(b) (kl)X{j = - X.. hence  ak¡X.. = 0; (2%.. = - y      hence  2a.kX.. = X.. -

Xkj-,  U/)X,. = (- Dk->+\lk hence   2a,.X.. = X.. - (- I)*-'*.,;  (:j)X.. =

(- lY-!+lXji hence  2o..X.. = X.. - (- 1)'->X...

Lemma  8. ] Let  i, j, k, I be distinct numbers.

(a) The following polynomials in  B  are (kl)-symmetric, i.e. they are fixed by

akr *ft, - X/y Xik -(- 1)fe_/Xz7' xu - (- l)k~lxtk-

(b) The following polynomials in  B are (kl)-skew symmetric, i.e. they are

annihilated by  fffe/:  X..,  Xkj + X[j,  x.fe + (- l)*"^^,  Xu + (- D*"^-

The proof of the list and lemma is straightforward and will be omitted.     O

We now get down to proving that every 1-perfect identity / £ A   is in ß.   It is

enough to consider (12)-perfect identities (by which we mean identities that are

(12)-symmetric and (z'/)-skew symmetric for every 2 < i < j) for all other 1-perfect

identities can be gotten from these by substituting the variables in different order.

For the sake of brevity we therefore agree that in this section the term "perfect

identity" will always mean "(12)-perfect identity."

Lemma 9.   B contains  A linearly independent perfect identities.

Proof.   Define

Pi  = 01 + 02' P2 =^1 + 02'

2n + l

P3 =*12 +X2V       P4=   Z   <Xn +xi2)-
¿=3
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Since the standard identity is (z/)-skew symmetric for every i ¿ j,  it is clear from

the definition of 0¿, if/., x¿- that py p2, p,  are perfect and that p    is (^-sym-

metric.   We have yet to show that p. is (ze/)-skew symmetric for all 2 < k < I.   In-

deed, using Lemma 8 (or direct observation) we get

2n + l

°klh =   £   akfxn + Xi2] = "kfrki + *k2] + °ki(Xn + Xi2]
z=3

= °kMkl + ^/1} + °kMk2 + X/2} =0+0=0.

Suppose now  ajp, + a2p2 + a3^3 + a4^4 = 0-   Equating to zero the coeffi-

cients of the monomials x x    • • • x_     ,, x,x,x, • • « x_     ,, x,x,x .x, • •• x.     ,
1    2 2n + l        13    2 2n+l'      13   4   2 2n+l

and x x x , • • ' x       .x    we get the respective equations  a    + a    = 0, - a,    +

a4 = 0, a   + a   = 0 and - a. ̂  +a2+a4 = 0, which immediately yield <xl = a2

= a   = a   = 0.    G
3 4

Lemma 10.    Let f £ A  be a perfect identity in which the monomials x x    ••

x,     ,, x,x,x-x. • « « x,     ,, x.x.x ,x.,x,  • • • x.     ,   and x,x„  •••x_      ,x_   occur
2n + V     13   2   4 2rc+l'     13   4   2   5 2n+l 1   3 2n + l   2

t^ziè zero coefficients.   Then f - 0.

For the proof let us introduce some notation.   Let / = 2^^^.       cl^     . • • • x

For

we shall write for short  o.    - a.   . .   Moreover, in a particular equation
ziz2-"z2n+l ...

involving coefficients of /, we shall write explicitly only those indices varying

their positions along the equation.   Thus the equation a + a + a

+ tt,2,. . = 0,  in which the indices  2 and   5 have the same position in all the

terms, will be written as   0L,,,+a,,, + a,.,+a.,,=0.' 134 314 143 431

Proof.    Recall that / is (12 ^symmetric and (z'/)-skew symmetric for all 2 <

i < /.   Therefore if some monomial occurs in / with zero coefficient, so do all the

monomials obtained from it by a permutation of S3,   • • • , 2n + l\ or Í1, 2Î.   Thus i'

in order to prove that every monomial has zero coefficient in  /,  we have only to

consider the various possible positions of x.   and x    in the monomial, without

regard to the order of the other variables.   We distinguish several cases.

(a)   Monomials in which  x     immediately succeeds  x     occur in / with zero

coefficient.   We are given a.        .. • , = 0.   To prove <X   ,      • • • .        = 0, sub-6 123 2« + l r 3124 2n+l '

stitute for the variables in / the following «-semirigid sequence
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X2 X3       X4       X5

u:     (en)     (en)    ell     eJ2     e 22

in which the matrix assigned to each variable is written directly under that vari-

able.   The parentheses indicate the idempotents whose deletion will result in a

rigid sequence of length  2« - 1   (see §2).   Here and in the sequel we define the

substitution only for the relevant variables, and omit the check that this satisfies

the conditions of Theorem 5 and thus can be completed to a semirigid substitution.

Write f(u) = 2" .   , t. e .. = 0 since / is an identity for F  ,  so that t.. = 0 for
' i,l = l    i]   i] ' ; n i]

all i,j.   In particular, if the value of u is e      then ( s = 0.   Taking into account

the six value-preserving permutations of zz, we obtain  t     = ^171 + a21^ +

(a        + a2     ) + (a        + a       ) = 0.   By the (12)-symmetry of /, the two terms in

each pair of parentheses are equal, and since the characteristic of  F  is not  2,

this implies  ai23 + ai32 + CSl2=<^   But ai 23 = a 1 3 2 = °'  therefore  a        =

0 which is what we set out to prove.   Case (a) will now be completed by induc-

tion on the position of the block x,x2  la tne monomial.   Suppose it is already

known that a       -,->■,      -,     , = 0 (z > 2).   If z < 2n we make the semirigid sub-
}• « 1 1 2i+l« • «2n+l — e

substitution (again using Theorem 5)

X3 Xi *1 X2     Xi + l •'*     X2n    X2n + l

612     •" ekk    {ekk] ••'     e21      (ell)-

By the  (12)-symmetry  of   /  we  get as  before     a        .,,..,      ,   ,   ±,  +
1 '    > 1 ¡ a 3'*'!l 2 i+l ..*2n2n + l

a2n + l 3- • «i 1 2 z' + l- • '2n = °"   ^e ^rst term var"ishes by the induction hypothesis,

hence so does the second term.   This completes the induction for all i < 2«.   To

prove  a3...2„ + i 1 i = "1  make the semirigid substitution

X3    "' *2n + l        Xl X2

el2---     e21        (eU]     (el¿

and conclude that ^...2„+1 t 2 + a, „.. .2b+, + a, 3.. .2n + ¡ 2 = 0.   Since the

second and third terms are given to be zero, the first term must also be zero,

which completes the proof of case (a).

(b)  Xj  and x2  are separated by a single variable, say x      Substitute

... x,        x3 x2    ...

...en     (<?,,)    (en)...

(by which we mean, of course, the completion of this assignment to a semirigid

sequence; that meaning will be tacitly assumed in all that follows) to get an,
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+ a+a=0.   The second and third terms vanish by (a), hence so does the

first.

(c) x    and x    are separated by three variables, say x 3> x  , x  .   Substitute

13 4 5 2

...(eu)    e12     e22     e21     ie ¡A .. .

to get ci,,, + CL. + a, „ <, -, = 0.   The second and third terms vanish by (a),° 13452 12345 34512 ' '

hence so does the first.

(d) x and x are separated by two variables, say x , x . We shall prove

the vanishing of the coefficient by induction on the position of the block

x x x xy  in the monomial.   If the block is in the leftmost position, this is given.

In the other case, the monomial has the form • • • x x^x^x x    • • •  and we substi-

tute

5 1 \ 4 2

...(en)    eu     e12    e22    (e22)-.-,

obtaining a^liA2 + a51324 + ai5342 + ai5324 = °-   ^ this equation the second

term vanishes by (b), the third by (c) and the fourth by the induction hypothesis

(the block has "moved" one position to the left).   Therefore  a51342 = 0>  as re"

quired.

(e) When the number of variables separating x     and x    is greater than  3,

we induct on this number.   The monomial in this case has the form  • • • x,x,x .
13   4

• • • xx    « ■ •  and we substitute

... V Y ... Y Y ...Xj x3 x5 x2

•••     ell      Kl)     ••'      e22      (e22)     • —

Such semirigid substitution exists by Corollary 6, for x3  and x    are separated

by at least one more variable.   Tlje vanishing of / under the substitution gives

ai352 +ai325 + a3152 +a3125 = ®' ^ne ^ast tn''ee terms vanish by the induc-

tion hypothesis, therefore so does the first.

We have proved the vanishing of the coefficient for every possible position

of x    and x    in the monomial, thus proving / to be the zero polynomial.    G

The main theorem of this section now follows easily.

Theorem 11.   If f £ A  is a perfect identity then f £ B.

Proof.   Suppose the special monomials from Lemma 10 occur in / with the

following coefficients: ß^Xj • • • ^2«+l'r32xlx3x2 "'X2n+1' rVix3X4X2 "'X2«+l'
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/S^x.x, • • • x.     ,x,.   We wish to represent / as a linear combination of the per-~4   1    3 2n +1    2 r

feet identities  p.  occurring in Lemma 9.   Since  p. £ B  this would clearly imply

f £ B.   It a   representation / = a,p, + a2P2 + a3p3 + aaP4  does exist, we may

equate the coefficients of the above special monomials and obtain (compare the

proof of Lemma 9):   a1+ai = ßv-ai+aÄ = ß2>ai+Ci4 = ßi  and ~ ai +

a2 + a4 = @4-   Solvin8 for the  a/s we êet ai = ^3 - ß2), a2 = ß4 - ß2>

a3 = /3j - !4(/33 - ß2), a4 = ^(ß2 + ßA.   Now define ctp a2, ay a4 by these

formulas and let g = c-jpj + a2p2 + a3p3 + a4p4"   Then both / and g are perfect

identities having the same coefficients for the special monomials.   Consider f -g.

This  is   a perfect identity in which the coefficients of the special monomials

vanish; so, by Lemma 10, / - g = 0,   i.e. / = g £ B.     D

Incidentally, the last proof (and Lemma 9) shows that p., p2, p,, p.  form a

linear basis for the space of (12)-perfect identities in A.

4.   Main theorem:   the 2-symmetric case.   We retain the notation of §3.   In

the present section we prove that every 2-symmetric polynomial in A  belongs to

B, thereby completing the proof of the main theorem.   It is enough to prove the

assertion for polynomials which are, say, (12)- and (34)-symmetric, so in this

section the term "2-symmetric polynomial" will always refer to such a polynomial.

Note first that  B contains the following two linearly independent 2-symmetric

polynomials:

*I = S2nixi  • X3' X2'  V * * * ' X2n + 1} + S2„(X2 * X3' XV X4' ' * ' ' X2„ + l)

+ s2n(xl . x4, x2, *3, ... , x2n + 1) + s2n(x2 . x4, Xj, Xy ..., x2n+l),

?2 = S2n(x3  •Xl'X2'X4'---'X2n + l)+S2n(x3'X2'Xl'X4'---'X2n + l)

+ s^
2n U4 . Xj, x2, x3, ... , x2n+1) + s2n(x4 • x2, Xj, x3, • •• , *2n+1).

We wish to represent every 2-symmetric identity in A  as a linear combination of

these two by showing, as before, that every 2-symmetric identity in which two

special coefficients vanish must be the zero polynomial.   Unlike the former case,

however, some preparatory   work is needed here.

Lemma 12.   Let  M^ = x«r(i) ' * ' *a(2„+l) and let ^=2^Z2n+1 a0Mo- ** (12)-

symmetric identity in A.   Suppose the monomial M  , 'is obtained from M    by a

transposition which involves no immediate neighbor of x.   or x  .   Then a. =

Proof.   We may suppose that the transposition is, say, (34) and distinguish

four cases according to the relative position of x., x2, x,, x4  in the monomial
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M^.   Note, however, that at every stage of the proof we may apply the results of

former steps also to other pairs satisfying the conditions of the lemma.

(a) Assume that in  M^ no member of one pair separates the two members of

the other pair, say Ma = • ■ • x; • • • x2 • • • x^ • • ' xA • > • .   (If the pair x     x4 occurs

to the left of x     x    or if x    is to the left of x      the treatment is similar.)  Sup-

pose first that x    immediately succeeds  x    and induct on the distance between

x.   and x       When the distance is  0,  i.e.  x     immediately succeeds  x      Ma has

the form  Ma = • .. x.x    • • • x  x    • • • , where, by assumption,  x    and x3  are not

immediate neighbors.   By Corollary 6 there exists a semirigid substitution of the

form

...  Xj %2        ...     x3        x4

...en     (en)    ...     e22     (e^)    ...,

which yields (since it annihilates /) the equation ci + a + a + a,, .,J 1/1 1234 2134 1243 2143

= 0.   Using the (12)-symmetry of / and cancelling out 2, we get a + a

= 0,  which is the desired conclusion.   When the distance between x    and x     is

positive, the monomial has the form  Ma = • • > x.x, • • • x    • • • *3x4 • • • ,  and we

make the substitution

15 I 3 4

•••en     (en) ... e22     (.e22) . . .,

obtaining  a. + a51234 + a15243 + ^5 i 243 = ^-   ^y the induction hypothesis

a51234 + a51243 = °'   hence   ai5234 +  "^ 1 5 2 4 3 = °'   aS required-    Case  (a) is now

settled when  x     and  x4  have distance zero between them.   We proceed by induc-

tion on that distance, assuming it is now greater than zero.   The monomial has the

form  MCT = • • • Xj • • • x2 • • • x x    • • • x4 • • • ,  so by the induction hypothesis and

what has already been proved, we may write  O- =~a,.,,,,, = a, -,, *, =' r ' 123 54 12534 12 543

- ai245v   This completes the proof of case (a).

(b) The pair x , x     separates the pair x  , x     in the form, say,  Ma = ••• x

• • • Xj ••• x    • • • x   • ••.  Suppose first the number of variables between x    and x

is odd.   Theorem 5 may then be applied to produce a semirigid substitution of the

form

•   •• X t •••Jt«,*,A_    ••* -^/ • • ■
3 12 4

...     (en) ... (eu)    .....

Denoting by [12] the whole block of indices between x     and x4,  we have

(a3[l2]4 + a4[12]3} + (a34[12] + <X43[12]) + (a[l2]34 + a[l2]43} = °"   The SeCOnd

and third parenthesized terms vanish by (a), leaving us with  aji24 + a4i23 = 0
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as required.   If the number of variables between x? and x4 is even, it is cer-

tainly not 2« - 1, so some variable must occur in M^ outside the block Xj ••• x4.

We  may  suppose  then that our  monomial  is   of the  form    M^ = « • • x, • • • x ^ ....

x    •.. x ,x    •••.   Using case (a) and the part of (b) already proved, we have

a31245=-a31254 = a41253=-a41235>  as squired.

(c)    The pair x  , x .  separates the pair x  , x      say Ma = • • • x^ • • • x

x  • • • x    • • • .   It will suffice to treat the case where x    immediately succeeds

x      tor in any monomial of type (c) we may transpose x    and x    by successively

transposing immediate neighbors, none of which involves an immediate neighbor

of x     or x       The number of the successive transpositions in this process must

be odd, hence if the conclusion holds for them it will hold for the transposition

(3 A).   If the number of variables between x    and x    is odd, we substitute

...    Xj       ••• x?x4 •••      x2

•:(en) ••• ien)    ..-

and obtain (by (12)-symmetry) ^r,,-^ + a\2\T,A~\ + af34il2 = ^'   ^e now inter"

change in this substitution the values assigned to x    and  x      thus obtaining

air4 3l2 + ai2r4 3l + ai2r4 3"p= ""   Adding the two equalities and applying case

(a), we arrive at the required relation a.r, .n7 + a.r.,^ = 0.   Next assume the

number of variables between x    and x    is even.   Then the monomial has the

form /VT = • • • x, • • • x,x . • • • x„x, • • • , and we substitutecr 1 3   4 2   5

13 4 2 5

ell     ^ir      "'■      622     ^22^     ***'

obtaining a13425 + a14325+aI3452   +a14352 = 0.   But a13452 + a143?2 = 0

x2

by the odd case, hence  a + a = Q.' 1342 5 1432 5

(d)   The two pairs are "interlaced", e.g.  Ma = • • • x, • • • x.  • • • x

If the number of variables between x    and x     is odd we substitute

X3     '" Xl "*'     X4     ' ' ' X2 " " "

••■    (en) ...       ien)       •••

obtaining as before a reduction to cases (a) and (c).   Suppose then there is an

even number of variables between x    and x      x    and x    are separated, by as-

sumption, by at least one variable and so are x    and x      but at least one of these

pairs must be separated by more than one variable.   For otherwise x    and x

would be separated by  3 variables which is impossible.   Thus the monomial may

be assumed to have the form zVI    = ... *x.x, ... x, • • • x . •. • x, • . •.   Bv casecr 356 1 4 2 '

(a) and the part of (d) we have already proved we have (notice that   x    is not an
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immediate neighbor of Xj):   a 3 5 142 = ~ a5 3 142 = a 54 l 32 = ~ a4 513 2*   This con"

eludes case (d), thereby completing the proof of Lemma 12.     D

Definition.    The pair  (x . , x .  ) touches the pair  (x . , x .  ) in the monomial
v        i\    '2 n    n

Ma if one of the first pair is immediate neighbor of one of the second.

Corollary 13.    Let j £ A be a 2-symmetric polynomial and let  Ma be a monomial

of f in which the pair  (x     x   ) does not touch the pair  (x  , x  ).   Then  0-a= 0.

Proof.   Since / is  (3, 4)-symmetric, °~i-,¿.^ = aa-   On the other hand, a(,4\0.

= - a^ by Lemma 12.   Thus  a(r = - a^, i.e.  0-^=0.    D

Lemma 14.   If f £ A  is 1-symmetric then / = 0.

Proof.   / is symmetric in   3 disjoint pairs of variables, say  ix y x2),  (y y y A

and  {z , zA.   Suppose  / 4 0,   i.e. some monomial  M^ occurs in / with coefficient

O.Q. ¿ 0.   By Lemma 12 we may pass from M^ to another monomial  M^j  oí f by

transposing a pair of variables not touching one of the symmetric pairs, and still

have  a.  1 ^ 0.   Also by Corollary 13, any two of the symmetric pairs must touch

in  M^,  and in any other monomial with nonzero coefficient.   Let  u be a new vari-

able (i.e. not one of x., y. or 2.), which must occur in  M_ since the total num-v      .    . ¡    J j ¡ " er

ber 2n + 1   of variables is odd.    For the rest of the proof we disregard all vari-

ables except the above mentioned seven, and the terms "variable" or "immediate

neighbor" are correspondingly restricted.   If the pairs (xj, x A and  iy., y A do

not touch, we shall say there is no (x, y)-contact.   Of course if there is no (x, y)-

contact in the restricted sense, the same is true when all variables are considered.

Now to the proof.   We distinguish several cases by the relative position of the

variable  u  in the monomial  Mff.   In each case we shall show that by "admissible"

permutations (i.e. such permutations as do not annihilate the monomial's coeffi-

cient) one can pass from  M^ to an Mai,  in which two of the symmetric pairs do

not touch, contradicting Corollary 13.

(a) All six variables are on one side, say left, of zz.   One of the three sym-

metric pairs contains none of zz's two nearest neighbors on the left.   Thus u and

its nearest neighbor on the left do not touch this symmetric pair, and they can be

transposed without annihilating the coefficient of the monomial.   But this leads

to a contradiction by case (b).

(b) A single variable is on one side of u and the rest on the other side.   We

may assume that x^   is on the right, and the rest on the left of u.   In order that

all symmetric pairs should touch each other,  x    must occur between y . and z .,

say in the form y.x z       Let us now locate y2  and z    in the monomial, noting

first that they do not touch (x , x  ) and thus may be interchanged.   Since the
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block y yxx z z2  cannot occur in M^ (no (y, z)-contact), it follows that also

z y x z y2  cannot occur.   Thus, by suitably interchanging y2  and z2  (if neces-

sary) we may assume that Ma has one of the following forms:   either Ma =

y x z  z y ux    or Ma = z2y2y \x2z\ux\ ■   In the former case we may interchange

x    and y,   (they do not touch (zy z2)), concluding that the monomial

x x z z y uy    has nonzero coefficient.   But this is impossible since there is no

(x, y)-contact in this monomial.   In the latter case we may interchange  Xj   and

z    (they do not touch (yj, y2)), obtaining the monomial z^y^x^Zj   in which

there is no (x, z)-contact—a contradiction again.

(c) Two variables on one side of u and four on the other.   The two could

not belong to the same symmetric pair, for this pair then would not touch the other

symmetric pairs.   Thus we may suppose that Ma = ••• ux^y  .   If u's  immediate

neighbor on the left is not z., then u and x}  do not touch (z , z  ) and can be

interchanged, leading to case (b).   We may therefore suppose that Ma= • > •

z.ux y       z's  immediate neighbor on the left is not z      for then the pair (z , z  )

would have only one contact with the other pairs.   It may be supposed that this

neighbor is y      for otherwise we can interchange x.   and y.   on the right of u

and treat similarly.   Thus  M   = ••. y z^ux y..   The leftmost variable in Ma does

not touch y2,  for there are at least  7  variables, and so may be interchanged

with u (they do not touch (y., yA).   But this leads us back to case (a).

(d) Three variables on each side of u.   The two members of a symmetric pair

do not occur on the same side of u,  tor then they would have only one contact

with the other pairs.   Assume  MQ_=''-ux y z   .   If u's  immediate neighbor on

the left is not z2, we may interchange zz and x.   (no z-contact) and get back to

case (c).   So assume Ma = •. • z  ux y z  .   For an (x, z)-contact to exist it is

necessary that  M^ = y 2x 2z 2ux ^y ^z v   But here  Xj   and  y2   maybe interchanged

(no z-contact) to get the monomial x x2z uy y z    with no (x, y)-contact.

We have shown that all the possibilities lead to a contradiction, so / must

be zero.    D

Corollary 15. Let f £ A be 2-symmetric. Then f is skew-symmetric in any

pair of variables distinct from x , x     x     x ,   that is,  f is 2-perfect.

Proof.   Let there be given such a pair, say (xy x^.   Then  a^J still be-

longs to A and is 3-symmetric.   Thus by Lemma 14, of = 0,  i.e.   / is skew-

symmetric in (x , x A.    D

Definition. / £ A will be called symmetric in 3 variables (x x x ) if /

is invariant under any permutation of il, 2, 3i- Equivalently, / is symmetric in

(*!< x2> x3) if it is (1 2)- and (2 3)-symmetric.
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Corollary 16.   Let f £ A be an identity of F  , n > 2, symmetric in (x., x  )

and (x_, x,, x,).   Tier;  / = 0.
3      4      5 '

Proof.   Since n > 2,  2rz + 1 > 7 so there is an additional variable x..   We— 6

are given (l 2)/ = (3 4)/ = (4 5)/ = (3 5)/ = /. By Corollary 15, (5 6)f = - / since

(1 2)/ = (3 4)/ = /. Similarly (4 6)/ = - / since (1 2)/ = (3 5)/ = /. Thus (4 5)/ =

(5 6)i4 6X5 6)/ = (- l)3/ = - /.   But (4 5)/ = / so / = - / and / = 0.    a

Remark.   To see that the restriction n > 2 in Corollary 16 is essential, start

with the identity [[xy][zzv] + [zw][xy], z] of F    and symmetrize in (x, u) and in

(y, v, z) to get a nonzero identity satisfying the assumptions of the corollary.

Corollary 17.   If f £ A  is 2-symmetric, then g = / + (4 5)/ + (3 5)/ = 0.

Proof. Clearly (1 2)g = g since (1 2)/ = /. We claim that (3 5)g = (4 5)g = g,

so by Corollary 16, g = 0. Indeed, (3 5)g = (3 5)/ + (3 5X4 5)/ + (3 5)2/ = (3 5)/ +

(4 5X3 4)f + f= (3 5)/ + (4 5)/ + / = g.   Similarly, (4 5)g = g.    D

We are now ready to prove the 2-symmetric analogue of Lemma 10.

Lemma 18.   Let f £ A  be 2-symmetric identity of F  , n > 2,  z'rz which the

monomials x,x.x,x,x. •••x_,      ,   and x,x,x.x,xc • • • x.     ,   occur with zero co-
12   3   4   5 2rz+l 4   3   2   15 2« + l

efficients.   Then / = 0.

Proof. Assume / ¡¿ 0, so some monomial ,M occurs with coefficient a 4 0.

We split the proof into two steps.

Step (a).   We claim that a monomial with nonzero coefficient exists in /,  in

which there is a single contact between (x., x2) and (x3, x .).   Indeed, the mon-

omial  M^ we started with must have a certain (positive) number of contacts be-

tween  (x., x2) and (x3, x.),  or it would have zero coefficient by Corollary 13.

If the number of these contacts is   1,  there is nothing to prove.   Suppose now

there are two such contacts.   Then in one of the pairs both members must take

part in the contacts.   Assume this pair is  (x,, x2).   (The two contacts may occur

in various ways, such as  ï,ï,ï„ x ,x. • • • x ~x ,, x.x,x ,x-,  etc.)   We claim that}   ' 13   213 2   41342

an additional variable must occur in M^, which does not touch the pair (xy x4).

Indeed,  x     and x4  have  4  sides and so at most  4 contacts with other variables,

and two of these contacts are already occupied by x.  and x2.   Thus x3  and x4

have at most  2 contacts with variables other than x.   and x2.   But there are in

Ma at least  3 variables other than x,, x2, x3, x4 (for 2« + 1 > 7), so one of

them, say x      does not touch x?and x ,.   By Corollary 17 g = f + (1 5)/+ (2 5)/

= 0.   Equating to zero the coefficient of Ma in g we get clct+ a,j,.   + a,2_>   =

0.   As  OLalá 0,  one of the other terms, say a,^,^,  is also nonzero.   But a(i5\0-

is the coefficient in ./ of a monomial obtained from  Mff by interchanging x l   and

x      thus having only one contact between (xj, x2) and (x , x4).   Suppose finally
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that M    has more than two contacts between (x., x2) and (x,, x4).   Then one

variable, say x2,  must touch both members of the other pair and  M     contains a

block of the form x3x2x4.   In order that there should be more than two contacts,

x,   must touch this block, so we may assume  AI    = . .. x ,x,x.,x . . .. '.   Substitute
1 ' cr 1    3    2   4

in / a semirigid substitution of the form

*3

e (e     )    (e    )11     vell'    vell;

and obtain the equation  a + a + a..,.. = 0.   Since the first term d cesn 1324 1234 3124

•not vanish (this is   a  ), neither does one of the other terms.   The second term is

the coefficient of a monomial with only one contact, and the third, with two con-

tacts.   Therefore this case is reduced to one of the former cases.   For the rest of

the proof we assume, then, that in  M    there is a single contact between  (x  , x A

and (x,, x4).

Step (b).   Interchanging x , x2  or x,, x4  does not change the coefficients of

monomials of /.   Therefore we may deduce from step (a) that a monomial with non-

zero coefficient exists in /,  in which the single contact between (x., x2)  and

(x , x ,) is x    • x..  or x    • x2.   Suppose for instance that in M^ the contact is

x, • x,.   We shall then show that the coefficient of x ,x,x, . ; • x,     .   is nonzero,
2        3 12   3 2n+l

contradicting the assumptions.   (The case of contact x, • x2   leads similarly to

the conclusion that  a.,2[,  _ -2     i 4 0,  which is also a contradiction.)   By Corol-

lary 15, permuting  the  variables    x^, ..., x        j  does not influence the vanishing

or nonvanishing of the coefficient, so no importance will be attached to their

order in the sequel.   We distinguish several cases according to the relative order

of x, x    • x     x     in the monomial.   "

Case (0).   AI    contains the block x,x,x,x..   We shall show that this block' cr 12    3   4

can always be shifted one position to the left without annihilating the coefficient.

Thus by a finite number of shifts the contradiction is obtained.   If there are at

least two more variables on the left of the block,   M    has the form ••• xcx.x,x0x,x,
'       cr 5   6    12    3   4

and we make the following (semirigid) substitution:

X5 X6       Xl X2 X3        X4       *"

(en)     e12     e22    (e J2) e13

By the (12)-symmetry we get as usual,  a561234 + a6 12354 = 0,  so  a612354 4 0.

Since x4, x    do not touch (x,, xA,  we can interchange them to get the required

conclusion  OLûl2345 ^ *^'   ^ tnere are less than two variables on the, left of the

block then either there are none, in which case we have nothing to prove, or there

is only one.   In this case, since  M    has at least  7 variables, there must be at



196 URI LERON

least two variables on the right of the block, so that  M     has  the  form

x x^XjX x¡x(x1.   Here x     and Xj   do not touch  (x.., x  )  so we conclude that al-

so  a. c_ , .,., ^ 0.   We substitute
1523467 ^

X5 X2        X3 X4 X6

ic,A     e,,     e.,     (e,J e.lr 12        22     v   22'        21 '

and get (using (34)-symmetry)  a[523467 + a 1 234657 = °-   This implies   a[234657

^ 0,  concluding case (0).

Case (1).   Ma= • • ■ x l • ■ '. x 2x ,• ■ • x , ■ ■ • .    By Lemma 12 interchange  x.   with

x   's  immediate neighbor on the left and x4  with x's  immediate neighbor on the

right, getting a contradiction by case (0).

Case (2).   M   = • • • x, • « • x-x, • • « x, • • • '.   By Lemma 12 interchange x4

with the leftmost variable in MCT and x.   with the rightmost.   The following monom-

ial has therefore nonzero coefficient:   x    ... x2x3 ... x,.   Since there are at

least  7 variables, either x4  and  x2,  or x,   and x.   are separated by at least two

variables, and we may assume that the monomial has the form x    • • • x x x x,

• •• x j.   Since x4  and x     do not touch (x ., x2)  we may pass to x    ... x?x ,x4x,

■ • • x .,  hence to  x    • • • x .x  x x  x, • ■ • ,   thus obtaining a reduction to case (0).

Case (3).   M    = • • • x _,x, ... x , • • • x, • • > , from which we pass to  • . • x _x ,x .
u ¿341 *■ ¿5$

• •• x j ••• .   If x ?  is not in the leftmost position we can pass to  • • • x .x 2x x

• • • ,  which is again case (0).   If x,  is in the leftmost position, substitute

Y Y Y ... Y ...*2 3 4 1

C12     e22     ^e22'     *'■      'ell'     ""*'

and conclude   a.., ^ 0,   a contradiction.

Case (4).   M   - • • • x 2x, • • • x. ••• x    ..., from which we pass to ■. • x,x,

.. . x, . . i x..   If x2  is not in the leftmost position, pass to • • • x x2x3 • • • x4,

hence to case (1).   If x     is in the leftmost position interchange    x    with the

variable in the  Í2n - l)th position.   Since there are at least  7 variables, the

monomial thus obtained has the form x2x3x6x? ■•• XjX^^  and interchanging x4

and x    (they do not touch (xj, x2)) we arrive at the monomial x2x3x4xy • • •

XjX5x6   of case (3).

The remaining cases,  AL, = • • • x'4 • • • Xj • • ■ x2x? • • •  and  Ma = •.. x   ...

x   ••• x x   •• -, are treated exactly as cases (3) and (4) respectively, inter-
4 2   3

changing left and right.     G

Corollary 19.    If n> 2,   then every 2-symmetric polynomial in  A   belongs to  B.

Proof.   Let / £ A be 2-symmetric and denote by a-x and a2 the coefficients of

Xjx2x3x4x5...x2n+1 and x^^x^ • •• x2n+1 in/.  Define g=^2q2~^xqx (seethe
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notation preceding Lemma 12) , and note that g belongs to B and has the same coeffi-

cients as / for the above monomials. Therefore / - g £ A is a 2-symmetric polynomial

for which these coefficients vanish, so by Lemma 18 / - g = 0,  i.e. / = g £ B.   G

Combining Theorem 7, Theorem 11 and Corollary 19 we arrive at the main the-

orem.

Theorem 20.   // « > 2,   then  B = A,  i.e. every multilinear identity of F    of

degree  2« + 1   follows from the standard identity s     .     D

Remark.   Theorem 20 is false for « = 2, for it can be shown that the identity

[[xjX2][x3x4] + [x x ][x.x2], x ] does not follow from s .

5.   The dimension of the space of identities A.    In this section we compute

the dimension of the space of identities A, assuming « > 2.   By Theorem 20 we

know that A  is spanned by the identities   </>., ¡p., X..  (defined at the beginning

of §3).   Later on we shall show that the </>.'s and the X-'s  excluding X\2>  f°rm

a basis for A, hence dim A = (2« + l)   — 1.   Consider first the operation of

cr, ,    .   (= /4(1 + (kk + l)))  on any polynomial spanned by the   </>¿'s  and  Xi's.   Let

2n+l 2n+l

f"   Z   "¿0Í+       Z       /ifXii
i-\ i,j~\;i^j

and apply akk+1  to /.   If i, j'4 k. k + 1 then okk+l<f>. = okk + lX.. - 0, therefore

aftftV = (Tftft+i a

2n + l

ft + aft+i0ft+i+      Z     ^»x« + yÄ+iX»*i>
1=1; zVe,ft + l

2n + l

+ Z (YkjXkj+Yk+ijXk+i^ + ÍYkk+iXkk + l + Yk + ikXk + ik*
y = lw>ft,e + l

Using the list preceding Lemma 8, we have

2ffftft + i/= aft(0ft + 0ft+i} + aft + i(0ft + 0ft + i}

+   Z   WiiSxik + Xik+J + y¿ft+i(xZft+i + xIR))
i*k,k+i

+ Ykk+v'X-kk+i + Xk + ik' + Yk + i/z'Xk + ik + Xkk + v

= (aft + aft+i)(0ft + 0ft+i)+   Z   {ylk + y,k+i){xik + xik+l)
i*k,k + \

+     Z     {ykj-Ykn,)(Xk,-Xk + lj) + (Ykk + l + Yk + lk)(xkk + 1 + Xk + lk)'
ixk,k + \
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The next lemma shows that the ikk + l)-symmetric terms of the last expression are

linearly independent.

Lemma 21.   Let

2«+l

g = aiçbk + vSk + A+ £ ci(XA,--Xfc + ii)
i = l; i*k,k+l

2n+l

i=l;i*k,k+l

¡f g = 0 then a-c. = d. = e = 0 for i = I, • • - , k - 1, k + 2, • • • , 2« + 1.

Proof.    In this proof,  x,   will mean  "x,   omitted" and  ±t?  will mean "plus or

minus  b."   In the equation g = 0,  equate to zero the coefficients of the monomials

x    •••x.x,   ,  •• « x.     ,x.x,    ,   and x    •• • x.x,   ,  •• • x. •• » x,     ,x,x,   ,x. to
1 k   k + l 2n+l   k   k+l 1 k   k+l i 2n+l   k   k+l   i

obtain, respectively, the equations   ±(z/2     , + e) = 0 and  ±(d       . + e ± c .) = 0.

It follows that c . = 0 for i - 1, • « », k — 1, k + 2, • « «, 2« + 1.   Similarly, the

monomial x, •••x,    ,x,x.x,   , ■.« x. • « « x.     ,   (i ¿ k - l, k, k + l) leads to
1 k— 1   k   i   k +1 t 2n + l '

+ (z/ - z/.) = 0,  or d. = d, i.e. all the  z^'s  are equal.   (We assume here  k >
/£ ■^   I I ZrC~"l

1.   For ze = 1 we get the same result from x_,     ,x,x .x~ • • • x. • • • x    .   This re-
& 2n+llz2 z 2n

mark applies also in the next two cases.)   The monomial x,x    • • • xk_ixk+1 ' • *

x.     ,   yields a + (- l)       d,    , = 0,  but if we interchange the block x,    ,x,   ,   in
2n+l   ' k-l & k-l   k+l

this monomial with its neighbor on the right (or on the left, if k + 1   happened to

be  2rc + 1) we get a + (- l) d,       = 0.   Thus  a = d,    , = 0 and since all the d.'s

are equal, they all vanish.   From the first equation d + e = 0 we finally con-

clude that   e = 0.     □

In particular, we shall require the following

Corollary 22.   The following polynomials are linearly independent:

^l = ^l + <^2' P3 = X12+X2V

2n + l 2n + l

p4= ¿2 (xfi + xi2).    p,= Z (-i^xi,-x2P-
z' = 3 i=3

(Compare Lemma 9.)    □

We are now ready to construct a basis for  A.

Lemma 23.   The polynomials (f>.,  i = 1, • • • , 2« + 1, and y..,  z, / = 1, • < • ,

2« + 1,   i4j,  (f'/)¿i(l 2),  sparz  A.

Proof.   We shall first show, using Theorem 7, that the <f>.'s  together with all
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of the  X..'s  span A.   Indeed, the standard polynomial is spanned by the   çS's,

for s = </)   - c/>2 + • • • + <h       ..   Also, it is clear that the 2-symmetric poly-

nomials in B (hence in A) are spanned by the \;..'s. It will therefore suffice to

treat the 1-perfect polynomials and we do this, say, for the (1 2)-perfect case.

In §3 it was shown the dimension of the space of the (1 2)-perfect polynomials is

4. The polynomials p , p,, p , p occurring in Lemma 22 are (1 2)-perfect (com-

pare Lemma 9), and being independent they form a basis for that space. But they

are clearly spanned by the ¡p ¿'s   and X¿y's-

Next we claim that the polynomial h = 22_" + 1 (- lV IL2"*1^. X{. is the zero

polynomial.   Once the claim is established, it is clear that X.2  is spanned by

the rest of the X-'s and the proof of the lemma will be completed.   For a fixed

j, consider the polynomial  S.",+. .,. X...   This polynomial is (kl)-skew symmetric

for all k, 14 j,  for by Lemma 8 we have

akhk, + xtJ) = o.
i = 1 ; iftj

Now consider o,.h.   By what we have just seen,  a, . annihilates all the terms

in the summation on /,  except possibly those corresponding to j = k and ; = /.

Thus

°klh 'kl

2n + l

<-i>*   Z   x« +
i -1 ; ijik

2rc + l

(-i)'   Z   x«
¿ = 1: OH

(-lV °kl{Xlk + (-1) l-k x„>+   'z    ^Xtt + i-D'-'xiP
i = l; z>r,/

and we conclude by Lemma 8 that  o,.h = 0.   Since  h is skew symmetric in every

pair of variables, h = as.     ,   for some  a £ F.   But the coefficient of x,x. • « •
r ' 2n+l 1    2

x.     ,   in h is  0 (to see this denote the coefficient of v.. in the sum defining
2n+l v Az; °

h by a .. and note that the coefficient of x    «... x       ,   in h is  a      +   a      +
1      il 1 2n+l 12 23

+ •■.. + a,.        , = (1 - 1) + (1 - 1) + ... + (1 - 1) = 0), so a = 0 and h = 0.
34

+ a  . = (l - l) + (l - l) + ... + (1 - 1) = o), so a
2n2n+l

Theorem 24.   The polynomials </>., z = 1,-

2« +1,  i 4 j, (i, j) 4(1 2) form a basis for A.

2« + 1  and X..,  i, j = 1, •

Proof.   With Lemma 23 in our hands, we have only to prove that the poly-

nomials are linearly independent.   Let / = 2. ".+   a .(h. + 2:". + î   ... v..y... where
J r z=l zrz z,; = l;zs; ' ij"-iy

y12 = 0 is put in for convenience, and assume / = 0.   By the computations pre-

ceding Lemma 21 we can write
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2n+\

2akk+if = (ak + ak+i){<t)k + (f'k+i)+     £     {ylk + ytk+i){Xik + Xik+i]
¿=l;iV*,/k + l

2n + l

+     E     (yifey-y¿+i,)(X)fe,-xfc+i;)
>«l;j'»*,*+l

+ {ykk+i + ^+u)(xfefe+i + xfe+u) = o.

It follows from Lemma 21 that, for all  i, ]' ¿ k, k + 1,  y¿fe + y¿i.i = Yu~Yu i • = 0,

that is,  y., = - y.,       and  y, . = y,   , ..   These relations clearly imply that, for all

r, s, y     = íy12 = 0.   The given equality / = 0 now reduces to 2 a.(¡>. = 0,  from

which it easily follows that a. = 0 for i = 1, • • », 2n + 1  (e.g. consider the coef-

ficient of x .x, ... x .••• x.     , ).    a
z   1 i 2n+lJ

Corollary 25.   dim A = (2w + l)2 - 1 = 4«(rz + l).    G

6.   An example.   In this section we introduce an identity in A,  which is not

immediately seen to belong to B.

Theorem 26.   The polynomials

he~ 2- 2-     *•    V   xcr(l) •' * Xa(/-l)X2« + lXtr(0
z' = 2,4,---,2n o-eS.'   '      ' 2«

Xo-(2n)'

/ . 2^    (—1)";
i=l,3,-",2«+l  o-e2.

oil) a(i - 1)   2n + l   a(i) cr(2n)

are identities of F  .
'       n

Lemma 27.   Let fix. , • • • , x.) be a multilinear polynomial which vanishes

under every simple substitution  zz = (a,.-.,a.) from  F    such that a,-e     is

idempotent.   Then f is an identity of F  .

Proof.   Since / is multilinear it suffices to show that it vanishes under every

simple substitution from F  .   Let a simple substitution  u = (a  , — , a.) be

given, for which a, = e    ,  r ^ s.   Then, using the assumption of the lemma, we

may write fiav •••,«Jk_l' ej = fiav •••,flfc_1. e J + /(a^ ... , afc_ y ess) =

fia., ' • • , a,._  , e     + e    ), and prove that the right member of the equation van-

ishes.   Let t be the similarity transformation of F    determined by  1 + e      (this

is a regular matrix whose inverse is  1 - e    ).   Then t: e     + e      (-» e      and we
° rs' rs Si ss

have /(«j, .... ak_y e fs + essf = fia\, •■■ , aTk_y e s) = 0.   (Remark:   (aT , •••,

a,   ., e     ) is not, in general, a simple substitution.   However, it is a sum ot

simple substitutions, all of which have e       for the last term and thus annihilating

/).   But  T is monomorphism so we may conclude that fia., • • • , a,      , e     + e     )
L R> ̂  1 T S SS

= 0.     G
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Notation.   M^ . = x^ • • • xCT(._ ,f2„+,V(f) ' ' ' xoX2nV  for aé^2n and

1 < z < 2« + 1.

Proof of Theorem 26.   We shall prove that F    satisfies the identities  h   +

h    and h   — h  ,  from which the conclusion obviously follows.   The case of h   -
e o e' ' o

h     is easv. for  h    - h    = s,     ,   and this is an identity of  F  .   We proceed to
e ? ' o e 2n + l ' n r

show that  F     satisfies the identity h    4 h      which may be written in the form
n o e '

h   + h   = 1.    v     (- 0er S.2""1"1 M„ ..   By Lemma 27 it is enough to show that this
o e ae2'2ri i = \ a,i ' °

polynomial vanishes under every simple substitution u = (a   , • • • , a       A, tor

which «.,     , = e   .   To this end, we apply the Amitsur-Levitzki theorem and ob-
2n + 1 rr rr '

tain P ^ s2n(av . ^ , a2J = 2ael2n(- \raa(l) ... aa(2n)^ 0.   Define A^ =

{ael2n\   flCr(l)-"flcr(2n) = i?ft/!'  andn0tethat   1o-eAkl <~ !)\l ) ' ' ' aa(2„)   =

i, ,e, . for a suitable  /, . e F.   Since

n n

P=    Z Z      (-1^flCT(l)-"0a<2„)=     Z     «W«W-0,
fe,/=l  o-eA   j k,l = l

we conclude that t, , = 0 for all /e, /.   Consider any o for which a^,,, • • • ö„.,,  .,
rz ' °i 1) "X 2 n )

4 0.   The sequence (a  ,,., •••,«_,,   ..) must then have the form  (e .   . , e.   . ,
t <T(1)' "un) zi¡2       *2!3

e.   .,•-., e. ), and we let v„ denote the number of occurrences of the num-
!3M '2n'2n + l ,. . ,

ber r in the derived sequence  (z., z',...,z'2       ).   We claim that if two permuta-

tions  a, t belong to the same A, . then  va = v .   There are several cases to con-

sider and we treat, for example, the case where  r 4 k, I.   In this case  vCT is sim-

ply half the number of occurrences of r in the indices of the unit matrices  a  , • • • ,

a    , and this number does not depend on the order of the matrices, hence must be

the same for all permutations in A...   A similar argument can be given in the

cases where  r  is equal to one of k, I or both.   Denote the common value of  v

for all a £ Ak¡ by vk[.   Notice that  vŒ = v, , is precisely the number of places

in the product Vn) ' ' • aa(2n)' where the factor «2n + 1 = eTT   can be inserted

without annihilating the product (and, of course, without altering its value).   There-

fore

2n + l

Qkls       Z     (-1)"     Z    aail)--aaU-lf2„+iao-U)---ao-(2r,)
aeAkl i-i

=      Z     (-l)^ft/öa(l)---ßa(2n) = ^ft//ft/eft/ = 0-

a€Akl

But (hQ + hg)(al, • •■ , «2     ¡) is just the sum of all the Qkl's and so must vanish,

that is,  h   + h    is an identity of F  .    Q
o e ' n

Theorem 20 may now be used to obtain
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Corollary 28.   The identities hq and hg  belong to B,  i.e. they follow from

the standard identity s„   .    G'       2«

Remark. In the ¿-summation defining h , the first and last terms are clearly

identities of F , obtained from s by multiplying on the left and right (respec-

tively) by *2n+l-   Therefore the following polynomial is also an identity of F  :

2- ¿^      ('i'    Xcr(l)" '  XaU-l)X2r,+lXa(i)'"  Xa(2nY
¿=3,5,.",2n- 1 o-eS.

2n
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Added in proof.   A complete analysis of the multilinear identities of F2 was

carried out by A. A. Klein and S. Rosset, using a computer.   It turns out that the

dimension of these identities is 29, and they all follow from the standard identity

s    and the identity [[xjX ][x x4] + [x x4][xjX2], xA..   Similiar results were

brought to my attention by R. Kruse.
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