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ABSTRACT. Let V be a vector space over a field F of zero character-
istic, which is acted upon by the symmetric group. Systems of generators for
V are constructed, which have special symmetry and skew symmetry properties.
This is applied to prove that every multilinear polynomial identity of degree

2n + 1 which holds in the matrix ring Fn (n > 2) is a consequence of the stan-

dard identity s The notions of rigid and semirigid sequences of matrices

2n’
are defined and treated.

0. Introduction. Let /(xl, ceey xk) be a polynomial in noncommutative vari-
ables over a field F and let R be an F-algebra. The polynomial [ is an identity
in R provided fla , +++,a,) =0 forall a;,+-+, 4, in R. R is called a Pl-ring
if it has some nonzero polynomial for an identity. For instance, the commutative
rings satisfy the identity xy — yx = 0. More generally, Amitsur and Levitzki
proved in [1] that the matrix ring of order n over a commutative ring satisfies the
identity Sy, = 0, where sk(xl, oo, xk) = Egezk (- l)axa(l) U Xk (here Zk
denotes the symmetric group on {1, «+-, k}). s, is called the standard polynomial,
or standard identity of degree k. s, is an example of a multilinear polynomial, i.e.
a polynomial having the form f(x , ++-,x,) = Eaezkagxa“) s Xg(py With @, €F.
For a more detailed discussion of the theory of polynomial identities see (2]
and [3].

In this work F is assumed throughout to be a field of zero characteristic,
and F  denotes the ring of » x n matrices over F. Our main concern here is
with the vector spaces V, of all the multilinear identities of F_ in the variables
Xy, 5 x,. It has been known for a long time that V, = {0} for &k <2n (i.e. F,
satisfies no nonzero identities of degree less than 2n) and that V,, is spanned
by the standard identity s, . It is also known that F_ satisfies an identity of
degree Y(n + 1)(n + 2) - 1 which does not follow from s,,- (This result of
Amitsur has not been published.) Here a first attempt is made at classifying the
identities of degrees higher that 2n. For the simplest case, namely that of de-

gree 2n + 1 (it turns out that already this case is not at all simple!) we achieve
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complete results: It is proved that the space V, , is spanned by identities that

follow from s and its dimension is computed.

,
The machzi':lery developed in the course of proving the above theorem might be
useful also in the more general case. We first study general spaces acted upon by
the symmetric group and construct for them systems of generators with special
symmetry and skew symmetry properties (S1). It therefore suffices to prove the
main theorem for such generators of V2n+l’ and this is done in §§3 and 4. In the
course of such a proof one requires a lot of substitutions from F  with predeter-
mined properties; §2 provides some criteria of combinatorial character which guar-

antee the existence of such substitutions. In §5 the dimension of V is com-

2n+l
puted (it is 4n(n + 1)) and the paper is concluded with an example: an identity
in V2n+l

matter of fact, we had to resort to the main theorem in order to see this.

; asa

is constructed, which does not seem trivially to follow from S o

Unfortunately, the degree of complexity of the case we have treated permits
us little hope for the treatment of higher degrees. Some essential improvement on
our techniques seems to be needed.

1. Representation modules for the symmetric group. A vector space V over
F which is a module over the group algebra F(Ek) is called a representation
module for %,. Recall that ¥, is the symmetric group on {1, -+, &} and F is
a field of zero characteristic. Our chief example of a representation module is
the space V,  defined in the introduction. The action of Ek on V, is defined by

ﬂ/(xl$“‘1xk)=/(x”(l)""9xﬂ(k))a

or, more explicitly, if f(x , «--, x,) = Eaezk QX (1) *** Xoqsy then

mf= 2 Yo Xpo(1y "t *rok) = )3 & =1, %o Folky

ae}:k o—e}:k

This action induces on V, the structure of F(X,)-module, thus turning it into a
representation module for 2. Note that if f(x, -+, x,) is an identity for F_
then so is /(x”(l) yeee, x”(n)), that is, V, is closed under the action of Ek'

Definition. Let V be a representation module for Ek and suppose an element
v €V and numbers 1 <i<;j<k are given. Let (i) be the transposition in 2,
interchanging the numbers i and j and leaving the rest fixed. v is called (ij)-
symmetric if (ijJv = v and (ij)-skew symmetric if (ijl = - v.

For instance, a polynomial /(xl, cee, xk) €V, is (i7)-symmetric if and only
if f(o.o SFRLLE TR J=fleex, onn LR -) and (ij)-skew symmetric if and only if
fGon LPRREE P e)=~f(-- Xpoee X o *). In terms of the coefficients a . of f,
{ is (if)-symmetric if and only if %o = %o for all o € S’k’ and (ij)-skew sym-

metric if and only if @ .\, =-a, forall o €3,.

i)
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It is convenient to characterize the symmetry and skew symmetry of elements

of V using the operator 0. € F(X,), defined as follows:

0= %L+ ().

Note that 0, is an idempotent linear transformation in V, and that the set of
(if)-symmetric ((ij)-skew symmetric) elements is just Im o, (ker o). In other
words, v is (ij)-symmetric if and only if o v=v and (if)-skew symmetric if and

only if o,v=0.

Lemma 1. Let V be a representation module for Zk and suppose an element
v €V and distinct numbers p, q, v from among 1, «+«, k are given. If Opq? = 0

_1
then 0,00 = /zop'u.

Proof.

P’ qr

- Yo, = %o, (1+(gr) - %a,,
= l/zap,(qf) =% + (pr))gr) = % ((gr) + (pr)(gr)
=Y ((g7) + (gr)pq)) = % (grX1 + (pg)) = %(qr)apq

Hence (0,,0,, - %opr)v = Vz(qr)opqv =0. O

Theorem 2 (Lifting skew symmetric elements). Let V be a representation

module for Ek, U an F-subspace of V. Suppose distinct numbers i , 1

Pt
from among 1, , k are given, such that U is Oiyiyinvariant forall 1 <p<v
<rolfvev satzs/zes Oiiy =0 (mod V) /or all 1 <p<v<r then there exists
v' €V satisfying v’ =v (mod U) and i iy v'=0 forall 1< p<v<r. Moreover,
if v is (ij)-symmetric where {i, j}N {z ceey ir} = &, then v' will remain (ij)-

symmetric.

Proof. We use mductxon on r, assuming for convenience that {7, «++, i} =
{1 sl Forr=1, v' =v will obvxously do. Suppose there is alteady glven
V' ev sausfymg v" = v (mod U), opqv "=0for 1<p<qg<r-1 and ai].v =",
and proceed to define

27'-1 27-1

[] " n

v = 1—— = —_-—

r Z ap' v v 7 Z Oprl/
p=1 p=1

Since v" =v (mod U) and U is 0, -invariant we have ap'u" =0, v=0 (mod U) for
p=1,+++,7r~1; hence, by the definition of v', v' =v" = v (mod U). To compute

' _ r—1 " . . _
o,V = (aq’ (2/r) Zp=l oqropr)v , consider the summation on p. For p =g we
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2

get the term o, which is just o, . For p # q the induction hypothesis gives

" . . . . n _1 " .
Tpq? = 0 so that Lemma 1 is applicable, yielding 0019V = /zaqrv . Summing up,
we have
r-1
o v'=lo 2o +2 ¥ o |)o"
ar- ~ \ar .\ ar qr
p=1,p7q

2 r—2 " "
=(1_;— - )oqrv =(1—1)0qrv =0.

If now any numbers 1 < p < g <r are given, write (pq) = (pr)(gr)(pr), hence (pq)v’
=(pr)gr)pri' = (= 130" = - o' and opqv' = 0. Finally, the disjointness of {7, j}
and {1, -+, 7} implies that 0,; commutes with a =1 - (2/7) 2;':} a,, and in-
ducting on 7 one obtains

[ n " " 1
.V =0.4av =40,V =av =v ,
ij ij ij

that is, v’ is (ij)-symmetric. O

Definition. Let V be a representation module for %, and suppose an ele-
ment v €V and a number 7 > 0 are given. v is called r~symmetric if for some
distinct numbers i,, j,; iy fy5 5 i, j, fromamong 1, -+, k v is (i j )-sym-
metric, v =1, «++, 7. If, in addition v is (pq)-skew symmetric for all 1 <p <gq
<k such that {p, g} N {z’l, fyreees ir, ]'ri = & then v is called r-perfect.

Note that every v € V is O-symmetric. On the other hand, v is O-perfect if
and only if it is (pg)-skew symmetric for all 1 <p <g < k. In particular, a poly-
nomial f € V, is O-perfect if and only if it is a scalar multiple of the standard

polynomial s,.

Theorem 3. Let V be a representation module for Ek and let S_and P_ be
the subspaces of V spanned respectively by its r-symmetric and r-perfect ele-
ments. Then

(a) Sr = Pr + S”_l for all r> 0.

b) V=Py+P +-ec+P +S§ | forall r>0.

() V=Py+P,+--++ P, for some t, that is, V is generated by its perfect

elements.

Proof. (a) Clearly S,2P, + S, .10

that it is enough to do so for r-symmetric elements only. Let v € V be r-sym-

so we prove the reverse inclusion, noting

metric and assume for convenience that v is (1 2)-, (3 4)., +++, (2r = 1 2r)-sym-
metric. Then, for every 2r <p < g <k, 0,,Y is (r + 1)-symmetric, i.e., O,4Y =

0(mod S”l). Since it is easy to verify that §__, is 0,4 invariant (it is enough to

show it is (pg)-invariant), Theorem 2 is applicable yielding a v’ € V such that
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v’ =v (mod Sk+l)’ apqv' =0 forall 2r<p<gq <k and oi].v' =o' for (i) =(12),
(3 4), +++, (2r = 1 7). But this just means that v’ €P, and v-v' €S, , thatis,
v e Pk + Sk+l'

(b) Apply (a) a few times in succesion to get

V=S0=PO+SI=PO+Pl+Sz=.o-=P0+Pl+...+Pk+5k+l.

(c) There exists ¢ for which S, | =10} and, by (b), this is the ¢ we are

after. O

2. Rigid sequences . Let a,, ++-, a, be matrices in F and let u = (a,,

cee, ak). The number k is called the length of the sequence u and is denoted

I(u). The value of u is the product v(u) = a, »a, -+ a,. The unit matrices are
the matrices e . in F  having 1 in the (i, j)th position and 0 elsewhere. A
sequence u = (al, ceey ak) is called n-simple if every a, is some unit matrix and
the set of indices of these unit matrices contains at most n distinct numbers.
For example, a sequence of unit matrices from F  is always n-simple. A sequence
is nonvanishing if it assumes a nonzero value. Clearly, the value of a nonvan-
ishing simple sequence must be a unit matrix.

Definition. Let u be a nonvanishing n-simple sequence. u is called n-rigid
if none of its nontrivial permutations assumes the same value as u.

For instance, the sequences (e“, €1y €5y €3 e”) and (elz' €yy €53
€5, ezl) are 3-rigid sequences of length 5.

It turns out that rigid sequences can be neatly characterized in terms of the
derived sequence which we now define. Let u be a nonvanishing n-simple se-

quence. Then # must have the form

¢ i
The number sequence (z'l, Py igst ey ik+1) will be denoted «' and called
the derived sequence of u. Conversely, every sequence u = (il, yyren, ik+l)
such that the set {i;, .-+, 7, | has at most n elements defines an n-simple se-
quence u having «' as its derived sequence. Note that /(') = I(x) + 1. The
derived sequence u' of u is called n-rigid if and only if « is n-rigid. Finally,
suppose there is given a number r and a sequence u' = (i, ---, i ,1) such that
r=1, for some 1<v<k+ 1. We then say that i), is an occurrence of r in u', or
that 7 occurs in «' in the vth position. Such an occurrence is external if v =1 or
v==Fk + 1, and internal otherwise.

The notion of rigidity is of interest mainly for n-simple sequences of length
2n -1 (i.e. (') = 2n). This is because the maximal length for which n-rigid se-

quences exist is 2n - 1, as follows easily from the proof of the next theorem.
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Theorem 4. Let u be a nonvanishing n-simple sequence of length 2n - 1,
u' its derived sequence. Then u is rigid if and only if the following two condi-
tions hold:

(i) Every number r occurring in u' occurs in it exactly twice.

(ii) Denote the first and second occurrences of a number r in u' by v (r)
and iy,(,) respectively (i.e. iy, ()= iy, (r)=1 and vl(r) < vz(r)). Then for no r
and s does the relation v (r) <v (s) <wv,(r) < v,s) hold.

We may think of the two positions of occurrence of 7 in «' asa pair of paren-
theses, thus obtaining the following interpretation for condition (ii). The sequence
of parentheses defined by «' is well formed, i.e. two pairs of parentheses may be
separated () () ornested ( () ), but not interlaced ( ( ) )_.

Proof. (a) Suppose  is rigid. To prove (i), assume on the contrary that
some 7 does not occur in #' exactly twice. Since «' has length 27 and at most
n numbers occurring in it, our assumption implies the existence of an r which
occurs in #' at least 3 times. These three occurrences of r decompose the orig-
inal sequence  into four blocks, « = (ul, Uy, Uy, u,), such that l(ul), l(u4) >0,
l(uz), l(u3) >1 and v(uz) = v(us) =e_. Thus the blocks u, and u, may be trans-
posed in u without affecting its value—a contradiction. To prove (ii), assume we
do have a relation v,(r) <v (s) <v,(r) <v,(s), i.e. r and s occur in ' in the
order +++reseseeereees oo, Then # can be decomposed into 5 blocks u =
(ul, Uy Uy Uy, us) such that l(ul), l(us) >0, l(uz), l(us), l(u4) >1 and v(uz) -
v(u4) =e _. Transposing u, and u, we obtain a contradiction as before.

(b) Suppose u satisfies the condition (i) and (ii) and proceed by induction
on n to prove u rigid. For n =1 the assertion is trivial. For n = 2 it is enough
to consider sequences u' starting, say, with 1. There are only two such se-
quences satisfying (i) and (ii), namely (1, 2, 2, 1) and (1, 1, 2, 2,), and the se-
quences u defined by them, (elz’ €,y e“) and (e“, €y 622) are clearly seen
to be rigid. For » >3 we may find r whose second occurrence in ' immediately
succeeds the first one, and both are internal. To see this, choose any number r
occurring only internally, which is possible since 7 >3 and by (i) at least 3
distinct numbers must occur in #'. If it happens that v,(r) =v,(r) + 1 then we
are done. If not, let s, -+-, s, be all the numbers having one of their occur-
rences (hence both by (ii)) between v,(r) and v,(r), where the notation is so
chosen that v, ()< v, (s )<v(s,) < v <v (s)) <v,(r). It is then easily seen
that the two occurrences of s, are internal and the one immediately succeeds the
other. So choose 7 as above, and note that, in the original sequence u, r occurs

inside a block of the form € €, €, and nowhere else. Let u, be the se-

T
quence obtained from # by replacing the block e, , e , e by the single term
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€ Then u, is an (n - 1)-simple sequence (r does not occur in it) of length
2(n - 1) - 1, satisfying (i) and (ii). By the induction hypothesis «, is rigid, from
which it easily follows that sois ». O

Theorem 4 enables us to determine the possibility of constructing a rigid se-

quence, when the positions of occurrence of some indices are predetermined. This
is the content of the next theorem.

Theorem 5. Let there be given distinct numbers Tttt Tho k <n, and for
each r, let a pair v (r)) <v,(r,) out of {1, «++, 2n} be given, so that all the
v].(rl.) are distinct. In order that there should exist an n-rigid sequence u of
length 2n — 1 for which the numbers Vl(ri)’ vz(ri) would be the positions of oc-
currence of r,in 4, it is necessary and sufficient that the following two condi-
tions shall hold:

1. The number Vz(fl.) - l/l(fl.) isodd for i=1, e+, k.

II. Forno i and j does the relation v,(r,) < VI(']‘) < Vz(rl.) < vz(r].) hold.

Proof. To prove necessity, suppose such u exists, and invoke the conditions
of Theorem 4. It follows that each number occurring in «' must occur between
the two occurrences of a particular r either twice or not at all. Thus the number
Vz(fi) - vl(ri) -1 of positions between the two positions occupied by r, is even,
proving condition I. Condition II is obvious.

We shall now prove that the conditions also suffice, assuming for convenience
that frl, v, rk§={l, coo, k). Write A = {V].(r)l r=1,.0,k,j=1,2} We

shall call the numbers 1, -+, 2n “‘positions,”’ and describe them as *

‘occupied”’
or "‘vacant” according to whether they belong to A or not. Our objective is then
to fill in the vacancies so as to obtain a rigid sequence «’. If there are no vacan-
ies, then the sequence «' defined by the given positions v].(r) satisfy (i) and (ii)
of Theorem 4 and is therefore rigid. Suppose now that the number of vacancies
is > 0 (i.e. k< n), and note that the number of vacancies between vl(r) and
Vz(f) must always be even. For both the number of occupied positions and the
total number of positions between v, (r) and v,(r) is even (the former by II, the
latter by I). We start the construction of #' by assigning two vacancies for k + 1
as follows. Vl(k +1) is defined as the first vacancy, i.e. the smallest number
not in A. If v,(k + 1) + 1 is also vacant, take vylk + 1) =v (k+1)+ 1. Sup-
pose, on the other hand, that Vl(le + 1) + 1 is occupied. We assert that there ex-
ists a sequence of numbers Sypertas, 1<s, < k, such that

1) vl(sl) = Vl(k +1)+ 1,

(2) VI(SI.) = VZ(Si-l) +1,i=2,00,1¢,

@3) vz(st) + 1 is vacant.

Indeed, since v (k + 1) + 1 is occupied we must have vik+1)+1= v].(sl) for
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some 1 <s, <k. Here j cannot be 2, for this would imply only one vacancy be-
tween Vl(sl) and VZ(SI) (namely, vl(k + 1)), whereas this number is known to be
even. Thus Vl(k +1)+1= VI(SI)- If VZ(SI) + 1 is vacant, our assertion is
proved taking t = 1. If not, we have Vz(sl) +1= v].(sz) for some 1<s, <k.
Again j must be 1, for suppose j =2 and consider VI(SZ)' By II, VI(SZ) cannot
be between v,(s,) and v,(s,), hence it must be smaller than v (k + 1). The
vacancies between vl(sz) and VZ(SZ) are therefore made up from those between
v, (s,) and v,(s,) (an even number) and v (k + 1), which is impossible since
this number must be even. Thus VZ(SI) +1= VI(SZ)- Continuing in the same
manner, one finally arrives at an 1 < s, < k such that either Vz(st) =2n or
vz(st) + 1 is vacant. But just as before the number of vacancies smaller than or
equal to Vz(st) isodd, whereas the number of vacancies smaller than or equal to
2n is even (namely, 2n — 2k). So we conclude that vz(st) + 1 is vacant, which
proves our assertion. We now define v,(k + 1) = v (s )+ L.

[At this stage, the partially-filled sequence «' has the following form:
O PYRTTINCIN ""sz’]“' 1, ---).]
Let A = {v].(r)| r=1,++-,k+1,7=1, 2} be the extended set of occupied

positions. We assert that A still satisfies conditions I and II of the theorem.

Geosktl, 5,000, 5,s

The case where vl(k + 1)+ 1 was vacant (and subsequently was defined to be
v,(k + 1)) is trivial, so proceed with the other case. The positions between
vl(/e +1) and Vz(k + 1) are

PO AT 30 KT 30 R O30 MR PRI ) N Ch }

so there is an even number of them and condition I is proved for & + 1. For 1<
r <k, Iis easily seen to be preserved. To establish condition II, assume that
for some 1 <r <k we have v (k + 1) <v,(r) <v,(k + 1). Then, by the construc-
tion of v.(k + 1), we also have v,(s )< v (r) <v, (s ) for some 1 <i<t, forcing
v,(s;) <w,(r) <v,(s,) since II holds in A. Thus vl(lz + 1) <w,(r) <v,(k + 1),
Similarly one proves that if v,(r) is between v (k + 1) and v,(k + 1) then so is
v,(r). Since Il holds in A, what we proved suffices to establish its validity for
A, thus proving our assertion. The number of vacancies is thus reduced by 2,
and induction on this number concludes the proof of the theorem. O

To illustrate the general construction given in the proof of Theorem 5, we

shall fill in the vacant positions in the following sequence:
'=(1,2,21°’3"’4’4)')3’ 55050y 5"’1)’

so as to obtain a rigid sequence. Here n = 8 and the occupied positions are
vl(l) =1, Vz(l) = 16; VI(Z) =2, v2(2) =3; V1(3) =5, v2(3) = 10; v1(4) =7
V2(4) =8; VI(S) =11, V2(57 = 14. The vacant positions are 4, 6,9, 12, 13, 15.
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The general construction first yields V1(6) =4 and V2(6) =15 (the sequence
Sy» =+, s, being in this case s, = 3 and s, =5), then u1(7) =6, V2(7) =9 and
finally v,(8) = 12, v,(8) = 13. The complete sequence is

ll, = (17 2, 2: 67 3,7, 4: 4’ 7, 3: 5,8,8,5, 6v 1)'

Note that if we were given, say, VZ(S) =13 (instead of 14) there would be no way

to complete «' rigidly.
One application we shall need later is the following

Corollary 6. Let 1 <s, <s,<:.-<s, <2n-1 be given numbers such that
s;=s;_ >l for i=2,.00,1. Then there exists an n-rigid sequence of length
2n - 1, having in its s th position an idempotent for all 1 <i<t.

Proof. Choose arbitrary distinct numbers 1 <7, +++, 7, <n and define a se-

i =T, i =1 =
s1+1 1’ P Usy T syl

quence u' = (i eee, iZn) by' 1'31 =
5, this partial definition of # can be completed rigidly, and the sequence u de-

7, By Theorem
fined by «' satisfies all the requirements. O

Numerous additional applications will occur in $$3 and 4.

So far, we were concerned with n-simple sequences of length 27 — 1, but our
main interest in the sequel will be with longer sequences, where rigidity is impos-
sible. To render the above theorems applicable in the more general case we intro-
duce the following term.

Definition. An n-simple sequence u is called n-semirigid if by deleting a
certain number of idempotents, one can obtain from # an n-rigid sequence of
length 2n - 1.

For instance, (e,,, e,,, €,,, €,,, ;) is a 2-semirigid sequence of length 5:
By deleting the idempotents in its 3rd and 5th positions, a rigid sequence is ob-
tained.

Semirigid sequences are useful because for them it is easy to determine the
value-preserving permutations (i.e. permutations for which the permuted sequence
has the same value as the original one). Indeed, let u be semirigid and let u,
be a rigid sequence of length 27 — 1 obtained from « by deleting some idem-

potents. Suppose

is a value-preserving permutation of u. Then by ignoring the above idempotents

in both rows of this representation, o induces a value-preserving permutation of
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4y, which must be the identity since u, is rigid. From this analysis it is seen
that the action of 0 on u can only amount to an interchange of some of the extra
idempotents e,. with adjacent blocks having the value e_. (of course the block
may be of length 1, in which case it is just another e_.).

As an illustration, consider an n-semirigid sequence u of length 2n. u is ob-
tained from a rigid sequence u; by adding a single e_. Since u; has just one
block of value e, (corresponding to the two occurrences of i in u(')), there is only
one nontrivial value-preserving permutation of #, namely, that interchanging e,
with the e .-valued block. Similarly it is easy to see that the number of value-
preserving permutations (the identity included) of an n-semirigid sequence u of
length 2n + 1 is 4 or 6, depending on whether u is obtained from u, by adding
two distinct or identical idempotents.

Finally, the following observation seems to be of interest. So far the multi-
linear identities of the matrix ring have been fully characterized in three cases:
degree < 2n -1 (only the zero polynomial), degree 27 and degree 2n + 1 (only
identities following from the standard identity s, ). In all these cases only semi-
rigid substitutions were used in the proof, which leads us to the following conjec-
ture: A multilinear polynomial which vanishes under every semirigid substitution
from F_ is an identity of F . As indicated above, this conjecture is true for all
polynomials of degree < 27 + 1. To demonstrate the power of the conjecture we
point out that it implies almost immediately (with the aid of Theorem 5) the Amit-

sur-Levitzki theorem mentioned in the introduction.

3. Main theorem: the perfect case. From now on we shall be concerned ex-

clusively with the space V so we call it A for short. Recall that A is the

2n+1?

vector space of all multilinear identities of F_ in the variables x , --+,x, ..

By the Amitsur-Levitzki theorem, s, is an identity of F , hence A obviously

2n
contains the following identities:

Bi=x5y, e XXy )y i= 1 e 204

P T AR PAUE P £ R PRTETR S N

Xij=52n(xl’ ..-,xi_l, XI.X]., xi+1, s ,x]._‘l. xi+1, e ’xzn"’l),
ij=lyeeey2n 41, iéi]

Let B be the subspace of A spanned by these identities. Our main theorem
states that, for n > 2, A = B, i.e. every identity in A follows from the standard
identity s, . The proof is based on the following corollary of Theorem 3.

Theorem 7. Let A be as above and let T be the set consisting of all the
1-perfect polynomials of A, all the 2-symmetric polynomials of A and the stan-
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dard polynomial s Then A is spanned by T.

2n+l°

Proof. Note first that by the Amitsur-Levitzki theorem s, ., isin A, for
we have s, ., =¢, -, + ¢»3 —P et ¢2n+l' This expansion is analogous
to the expansxon of a determinant by first row and is easily proved. (What we have
actually shown is that s, ., € B.) The proof of the theorem now immediately fol-
lows from Theorem 3(b), since A is a representation module for 22n+1 and Po
is spanned by s, .. O

In order to prove the main theorem it is enough by Theorem 7 to prove T C B.
Since we have already seen that s, ., €B, it is necessary to establish B-mem-
bership only in the cases of 1-perfect polynomials and 2-symmetric polynomials.
The former will be treated in the present section and the latter, which is more in-
volved, in the next. But first we list the results of applying the operators (k)
and o, of §1, to the polynomials ¢, and X;; defined above. Let i, 7, k, [ be
distinct numbers; then

(@) (kD¢ = - ¢, hence o, b, = 0; (ik)p, = (- 1)"'i+l¢vi hence 20, ¢, =
¢i (- l)k—i¢k

(b) (kl)x == X;; hence 0, )x,; = 0; (zk)x = X; hence 20, ;. =
X (k;)x —( 1)%- ”Ix hence 20,e Xij = Xij = (- DE-Ty. b (’7)X,,
© 1)i- f“x hence 20, X, -(-1)’ 7

Xi; ~

]z

Lemma 8 |Let i, j, k, | be distinct numbers.
(a) The following polynomials in B are (kl)-symmetric, i.e. they are fixed by
. k-1 k—1
Okl Xikj ~ Xpj» Xik ~ DG X = G DX,
(b) The following polynomials in B are (kl)-skew symmetric, i.e. they are
annibilated by o : Xij» Xaj * Xpi7 Xig + (- l)k_lxil’ Xa + (- l)k—lxlk'

The proof of the list and lemma is straightforward and will be omitted. O

We now get down to proving that every l-perfect identity f € A is in B. It is
enough to consider (12)-perfect identities (by which we mean identities that are
(12)-symmetric and (ij)-skew symmetric for every 2 < i < j) for all other 1-perfect
identities can be gotten from these by substituting the variables in different order.
For the sake of brevity we therefore agree that in this section the term *‘perfect
identity”’ will always mean **(12)-perfect identity.”

Lemma 9. B contains 4 linearly independent perfect identities.
Proof. Define
py=¢b,+P, P2=¢1+‘/’2’
2n+l

by=X12+Xy1r  bs= 2 O+ X
i=3
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Since the standard identity is (ij)-skew symmetric for every i # j, it is clear from
the definition of ¢>i, l,bi, X that p,, p,, p, are perfect and that p, is (12)-sym-
metric. We have yet to show that p, is (kl)-skew symmetric for all 2< k<, In-

deed, using Lemma 8 (or direct observation) we get

2ntl

Oty = 2 O X1+ Xi2) = %Xy + Xea) * 90X+ X))
i=3

Suppose now @ p, + a,p, + Aapy + Ayp, = 0. Equating to zero the coeffi-
cients of the monomials XXy e Xy XX E gyt Ky XXX X e Xy

3% 4 X,.41%2 We get the respective equations @, +a; =0, —a, +

1
a,=0,a, +a,=0and —a, +a,+0a, =0, which immediately yield o, =a

1 2 2

Lemma 10. Let f € A be a perfect identity in which the monomials x,x,

X X X X X %% X and x x_ ++ex occur

X X3X¥ 2n+1 1%3 2n4+1%2

Xons1? X1¥3%2% 4 0 Fon e M1¥3% 4405
with zero coefficients. Then [ = 0.

. . — a ces
For the proof let us introduce some notation. Let f zoezzn“ Fao1) " X apaty

For

12...2n+1
O = .

il e

we shall write for short a _=a Moreover, in a particular equation

1112°*i2n 41’
involving coefficients of [, we shall write explicitly only those indices varying
their positions along the equation. Thus the equation o345 T Faa145F F043s
=0, in which the indices 2 and 5 have the same position in all the

134 F %314 P13t Fy3 =0
Proof. Recall that { is (12)-symmetric and (ij)-skew symmetric for all 2 <

42315
terms, will be written as a

i <j. Therefore if some monomial occurs in [ with zero coefficient, so do all the
monomials obtained from it by a permutation of {3, -+, 27+ 1}or {1, 2}. Thus i-
in order to prove that every monomial has zero coefficient in f, we have only to
consider the various possible positions of x, and x, in the monomial, without
regard to the order of the other variables. We distinguish several cases.

(a) Monomials in which x, immediately succeeds x, occur in [ with zero
=0, sub-

coefficient. We are given Q = 0. To prove a

123 77 2041 3124 777 2n41
stitute for the variables in f the following n-semirigid sequence
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X X X X

) 3 4 x ceey

1 5

ur (e))) (en) €11 €12 €322 o

in which the matrix assigned to each variable is written directly under that vari-
able. The parentheses indicate the idempotents whose deletion will result in a
rigid sequence of length 2n — 1 (see $2). Here and in the sequel we define the
substitution only for the relevant variables, and omit the check that this satisfies
the conditions of Theorem 5 and thus can be completed to a semirigid substitution.
Write f(u) = 2:.’,].=1 t;;¢;; =0 since [ is an identity for F , so that ¢, =0 for
all 4,j. In particular, if the value of u is e _ then ¢ _=0. Taking into account
the six value-preserving permutations of u, we obtain t _ = (al” +a, 13) +
(a5, +a,y )+ @y, +a,,,)=0. By the (12)-symmetry of /, the two terms in
each pair of parentheses are equal, and since the characteristic of F is not 2,
123 % %139t %3y =0 But &,y =a,,, = 312 °

0 which is what we set out to prove. Case (a) will now be completed by induc-

this implies a 0, therefore a
tion on the position of the block x,x, in the monomial. Suppose it is already
known that &, .\ ,.0. .0, =0 (i22). If i <2n we make the semirigid sub-
substitution (again using Theorem 5)

x RO xix x X LAY X

1 2 %it1 2n Fo2nt1

€12 €L (ekk) eeeyy legy)

By the (12)-symmetry of [ we get as before Oy eei12i4loe2n2nsl T
Qo p4l 3++ei12i4lee2p = 0- The first term vanishes by the induction hypothesis,
hence so does the second term. This completes the induction for all i <2z, To

prove @, . .11, =0, make the semirigid substitution

X3 Xt % %,

erptrr ey legy) leg)
a = ;
and conclude that 3eve2n4112 7 21230002041 T ¥ 30002041 2 = 0. Since the
second and third terms are given to be zero, the first term must also be zero,
which completes the proof of case (a).

(b) %, and x, are separated by a single variable, say x 5. Substitute

...xl x3 x2 cos

ceeegy () legp)eee

(by which we mean, of course, the completion of this assignment to a semirigid

sequence; that meaning will be tacitly assumed in all that follows) to get %3,
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+A Oy, = 0. The second and third terms vanish by (a), hence so does the
first.

(c) %, and x, are separated by three variables, say X3, X, %5. Substitute

5

ceelegy) ey ey €1 (en)‘"

to get a = 0. The second and third terms vanish by (a),

€t 13452 7 F12345 T 34512
hence so does the first.

(d) x, and x, are separated by two variables, say x,, x,. We shall prove
the vanishing of the coefficient by induction on the position of the block

X,X,% X, in the monomial. If the block is in the leftmost position, this is given.

In the other case, the monomial has the form -« XX XX Xy e and we substi-

tute

cee X ) x3 X x eos

4 2

ceelegy) ey eg, ey, legy)een,

obtaining & = 0. In this equation the second

s1342 ¥ Fs1324 T F15342 T F1s324
term vanishes by (b), the third by (c) and the fourth by the induction hypothesis

(the block has "‘moved’’ one position to the left). Therefore a =0, as re-

51342
quired.

(e) When the number of variables separating x, and x, is greater than 3,
we induct on this number. The monomial in this case has the form -« XXX

Cre XXy eee and we substitute

ceeegy (e“) T (ezz)

Such semirigid substitution exists by Corollary 6, for x, and x are separated

5
by at least one more variable. TRhe vanishing of / under the substitution gives
%359 + X395+ X35, + A3y, = 0. The last thiee terms vanish by the induc-
tion hypothesis, therefore so does the first.

We have proved the vanishing of the coefficient for every possible position
of x, and %, in the monomial, thus proving [ to be the zero polynomial. O

The main theorem of this section now follows easily.
Theorem 11. If [ € A is a perfect identity then [ € B.
Proof. Suppose the special monomials from Lemma 10 occur in / with the

following coefficients: Byx %, ««xy, 40 ByX %30y =+ %5y /33"153"4"2 Tt Eomy 1
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/34x1x3 s X, 1%, Ve wish to represent [ as a linear combination of tl"ne per-
fect identities p, occurring in Lemma 9. Since p; € B this would clearly imply
[ € B. If a representation f = Qpy +Aopy +Ogps + AP, does exist, we may
equate the coefficients of the above special monomials and obtain (compare the
proof of Lemma 9): a, + 0y /31, a +a, = Bz, a +a, =}33 and ~a, +
a,+a,=p,. Solving for the a’s we get al = l/2(/33 -B,), 2, =B8,-8B,
=B, - B,y - By, a, =%B, + B;). Now define o, a,,a,, a, by these

formulas and let g = Qypy +Ayp, +Asp,+a Then both f and g are perfect

b,
identities having the same coefficients for the4 s:necial monomials. Consider f - g.
This is a perfect identity in which the coefficients of the special monomials
vanish; so, by Lemma 10, f ~g =0, i.e. f=g € B. O

Incidentally, the last proof (and Lemma 9) shows that by, by 3 Dy form a
linear basis for the space of (12)-perfect identities in A.

4. Main theorem: the 2-symmetric case. We retain the notation of §3. In
the present section we prove that every 2-symmetric polynomial in A belongs to
B, thereby completing the proof of the main theorem. It is enough to prove the
assertion for polynomials which are, say, (12) and (34)-symmetric, so in this
section the term “‘2-symmetric polynomial”’ will always refer to such a polynomial.
Note first that B contains the following two linearly independent 2-symmetric

polynomials:

ql=52n(xl-x3,x2,x cee, X )+ (x <Xy Xgoee )

4 2nt1 Xy X atl

SRR O PR SURTENE PP U P A P S SPRRE

10 37 ’x2ﬂ+1),

(X -x 2,x4,---,x2n+1)+52n(x3-x

s

2 X Xy % pt1)

(X .x 2,x3,o.-,x2n+l) (x ox

.

Xpp Xgsoees Xy

We wish to represent every 2-symmetric identity in A as a linear combination of
these two by showing, as before, that every 2-symmetric identity in which two
'special coefficients vanish must be the zero polynomial. Unlike the former case,
however, some preparatory work is needed here.

Lemma 12. Let M_ = Xo1) """ Xa(ansr) 9nd let [ = 20622"“ a M, be (12)-
symmetric identity in A. Suppose the monomial M, is obtained from M, by a
transposition which involves no immediate neighbor of x, or x,. Then a =

2

-aa.

Proof. We may suppose that the transposition is, say, (34) and distinguish

four cases according to the relative position of x,, X, %3, %4 in the monomial
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M_. Note, however, that at every stage of the proof we may apply the results of

former steps also to other pairs satisfying the conditions of the lemma.
(a) Assume that in M_ no member of one pair separates the two members of

1 2
to the left of x, x, or if x, is to the left of x;, the treatment is similar.) Sup-

the other pair, say M_ = +ccx +oox SEE LR JREEE (If the pair X3, X, occurs

pose first that x, immediately succeeds x, and induct on the distance between

4 3
x; and x,. When the distance is 0, i.e. x, immediately succeeds x;, M, has

the form M, =+« x,x, «-- X%, +++, where, by assumption, x

immediate neighbors. By Corollary 6 there exists a semirigid substitution of the

5 and x, are not

form

cevegy (egy) e €22 (ezz) Tt

which yields (since it annihilates [) the equation Cya3g v P13 T Ciag3 T Forys

= 0. Using the (12)-symmetry of [ and cancelling out 2, we get @13+t X0y

= 0, which is the desired conclusion. When the distance between x, and x, is
positive, the monomial has the form M_=.-- X XgereXyoon XX, one, and we
make the substitution

...xl X cee X e x3 4

).,

ey (o)) e (

22 €22

obtaining @ ¢,z + Qg oa, + X go,s + %1243 = 0. By the induction hypothesis
Q1234+ %g1043 = 0, hence % 1sy34 T Xy5y43 = 0, as required. Case (a) is now
settled when x; and x, have distance zero between them. We proceed by induc-
tion on that distance, assuming it is now greater than zero. The monomial has the
form My =+eex ) coox, oo X3Xg +ee X, +ee, so by the induction hypothesis and
what has already been proved, we may write 0354~ F10534= F1o543 =
= %0453 This completes the proof of case (a).

(b) The pair x,, x, separates the pair X3, X4 in the form, say, M, =.-. Xy

te X ece X, cee X, oeo. Suppose first the number of variables between x, and x

3 4
is odd. Theorem 5 may then be applied to produce a semirigid substitution of the

form
cee X3 ...xl.. xz. x4 .
s e (ell) L) (ell) DICIC
Denoting by [12] the whole block of indices between x; and x,, we have

(a3[12]4 o)) (a34[12] + O"43[12]) + (a[12]34 + a[u]“) = 0. The second
and third parenthesized terms vanish by (a), leaving us with Qipgt F4103=0
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as required. If the number of variables between x; and x, is even, it is cer-
tainly not 27 — 1, so some variable must occur in M, outside the block x; ««« x .
We may suppose then that our monomial is of the form M_ =... PRERENEREE
Xy ere X Xg oo, Using case (a) and the part of (b) already proved, we have
%31245 =~ F31254 = F41253 =~ F412350 2S required.

(c) The pair x;, x, separates the pair x,, x,, say M =eox «oox, oo

2? 1 3

X eee %, «++. It will suffice to treat the case where %, immediately succeeds
x4, for in any monomial of type (c) we may transpose Xy and x, by successively
transposing immediate neighbors, none of which involves an immediate neighbor
of x, or x,. The number of the successive transpositions in this process must
be odd, hence if the conclusion holds for them it will hold for the transposition

(3 4). If the number of variables between x, and x, is odd, we substitute

e s e xl oo.x3x4-oo xz )

e ey (ey)) «--

and obtain (by (12)-symmetry) a1[34]2 + a12[34] + a[34]12 = 0. We now inter-
change in this substitution the values assigned to x, and x5, thus obtaining
a1[43]2 + a12[43] + a12[43}= 0. Adding the two equalities and applying case
(a), we arrive at the required relation 0’«1[34]2 + a1[43]2 = 0. Next assume the
number of variables between x, and x, is even. Then the monomial has the

form M_ = AR PIELE S PRELE S PRREE and we substitute

...xl...x3 x4 cee x

R T I AT €y, (ezz) cee,
obtaining a

13425 ¥ T14325 T Fi3450 t X435, =0 Bur a5 a0 =0
by the odd case, hence %3425+ Xp4395 =0

(d) The two pairs are ‘‘interlaced’’, eg. Mo=ccox, oo x

e x4 LR xz e,

3 1
If the number of variables between x5 and x, is odd we substitute

e x3 ...xl... x4 ...xz...

N T T O B

obtaining as before a reduction to cases (a) and (c). Suppose then there is an
even number of variables between %y and x,. x, and x, are separated, by as-
sumption, by at least one variable and so are x, and x,, but at least one of these
pairs must be separated by more than one variable. For otherwise x, and x

3 4
would be separated by 3 variables which is impossible. Thus the monomial may

be assumed to have the form M0=---x3x5x6---x1 set X ceex, cee. Bycase

(a) and the part of (d) we have already proved we have (notice that x_ is not an

5
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immediate neighbor of x,): @, g, 0 == Qgy, 0 =05, 13,==0,5 ;.. This con-
cludes case (d), thereby completing the proof of Lemma 12. O
Definition. The pair (xl.l, xl.z) touches the pair (xl.l, sz) in the monomial

M_ if one of the first pair is immediate neighbor of one of the second.

Corollary 13. Let [ € A be a 2-symmetric polynomial and let M, be a monomial
of [ inwhich the pair (x

1+ X,) does not touch the pair (x3, x,). Then a =0.

Proof. Since [ is (3, 4)-symmetric, A 3400 = Lor On the other hand, a
=-a_ by Lemma 12. Thus a _=-a_, ie. a_=0. O

(34)0

Lemma 14. If { € A is 3-symmetric then [ = 0.

Proof. [ is symmetric in 3 disjoint pairs of variables, say (xl, xz), (yl, yz)
and (z,, z,). Suppose [ # 0, i.e. some monomial M, occurs in f with coefficient
a, #0. By Lemma 12 we may pass from M_ to another monomial M_s of [ by
transposing a pair of variables not touching one of the symmetric pairs, and still
have a_, # 0. Also by Corollary 13, any two of the symmetric pairs must touch
in M_, and in any other monomial with nonzero coefficient. Let u be a new vari-
able (i.e. not one of X, Yy, or zl.), which must occur in M_ since the total num-
ber 27 + 1 of variables is odd. For the rest of the proof we disregard all vari-
ables except the above mentioned seven, and the terms ‘‘variable’ or “‘immediate
neighbor’’ are correspondingly restricted. If the pairs (xl, xz) and (yl. yz) do
not touch, we shall say there is no (x, y)-contact. Of course if there is no (x, y)-
contact in the restricted sense, the same is true when all variables are considered.
Now to the proof. We distinguish several cases by the relative position of the
variable u in the monomial M_. In each case we shall show that by ‘‘admissible’’
permutations (i.e. such permutations as do not annihilate the monomial’s coeffi-
cient) one can pass from M, toan M_s, in which two of the symmetric pairs do
not touch, contradicting Corollary 13.

(a) All six variables are on one side, say left, of u. One of the three sym-
metric pairs contains none of #'s two nearest neighbors on the left. Thus z and
its nearest neighbor on the left do not touch this symmetric pair, and they can be
transposed without annihilating the coefficient of the monomial. But this leads
to a contradiction by case (b).

(b) A single variable is on one side of « and the rest on the other side. We
may assume that x, is on the right, and the rest on the left of «. In order that
all symmetric pairs should touch each other, x, must occur between Y; and z,
say in the form ¥1%¥,%;- Let us now locate Y, and z, in the monomial, noting

first that they do not touch (x, x,) and thus may be interchanged. Since the
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block y,y,x,z,z, cannot occur in M (no (y, z)-contact), it follows that also

Z,¥,%,%,¥, cannot occur. Thus, by suitably interchanging y, and z, (if neces-
sary) we may assume that M, has one of the following forms: either M_ =
Y1¥,%1%,Y,u%, or My =z, y y x,z ux . In the former case we may interchange
x, and y, (they do not touch (2}, 2,)), concluding that the monomial
x,%,2,2z,y,uy, has nonzero coefficient. But this is impossible since there is no
(x, y)-contact in this monomial. In the latter case we may interchange x, and
Zy (they do not touch ()’1' yz)), obtaining the monomial Z,Y,Y X % Uz, in which
there is no (x, z)-contact—a contradiction again.

(¢) Two variables on one side of « and four on the other. The two could
not belong to the same symmetric pair, for this pair then would not touch the other
symmetric pairs. Thus we may suppose that M_ = -.. ux,y,. If «’s immediate
neighbor on the left is not z,, then # and x, do not touch (zl, z2) and can be
interchanged, leading to case (b). We may therefore suppose that M_= - .-
zyux,y,. z,’s immediate neighbor on the left is not z,, for then the pair (zl, Zz)
would have only one contact with the other pairs. It may be supposed that this

neighbor is y,, for otherwise we can interchange x, and y, on the right of
and treat similarly. Thus M ==+ ¥,%,ux,y,. The leftmost variable in M, does

not touch y,, for there are at least 7 variables, and so may be interchanged
with u (they do not touch (y, y,)). But this leads us back to case (a).

(d) Three variables on each side of u. The two members of a symmetric pair
do not occur on the same side of u, for then they would have only one contact
with the other pairs. Assume M_=.-.. ux,y,z,. If u’s immediate neighbor on
the left is not z,, we may interchange « and x, (no z-contact) and get back to
case (c). So assume My=--- Z UK Y 7. For an (x, z)-contact to exist it is
necessary that M_ = Y,X,Z,ux,y,z,. But here x, and y, may be interchanged
(no z-contact) to get the monomial X X,Z,uy,y,%, With no (x, y)-contact.

We have shown that all the possibilities lead to a contradiction, so f must
be zero. O

Corollary 15. Let f € A be 2-symmetric. Then [ is skew-symmetric in any

pair of variables distinct from X1» X0 X3, X, that is, [ is 2-perfect.

Proof. Let there be given such a pair, say (x, x). Then ogef still be-
longs to A and is 3-symmetric. Thus by Lemma 14, 056/ =0, ie. [ is skew-
symmetric in (xS’ xG)- O

Definition. f € A will be called symmetric in 3 variables (x,, %,y x5) if f
is invariant under any permutation of {1, 2, 3}. Equivalently, / is symmetric in
(¥}, %, x,) if it is (1 2)- and (2 3)-symmetric.
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Corollary 16. Let [ € A be an identity of F , n>2, symmetric in (xl, xz)
and (xa, X g xs). Then [ = 0.

Proof. Since n> 2, 2n +1 > 7 so there is an additional variable x;. We
are given (1 2)f = (3 4)f = (4 5)f = (3 5)f = /. By Corollary 15, (5 6)f = - { since
(12)f =(3 4)f = /. Similarly (4 6)f =~/ since (1 2)f =(35) =/. Thus (4 5)f =
(56)46X56)f =(~=1)°f =~/ But (45 =fsof=~fand [=0. O

Remark. To see that the restriction » > 2 in Corollary 16 is essential, start
with the identity [[xylluv] + [wv]lxy], 2] of F, and symmetrize in (x, #) and in

(9, v, 2) to get a nonzero identity satisfying the assumptions of the corollary.
Corollary 17. If f € A is 2-symmetric, then g = + (4 5)f + (3 5)f = 0.

Proof. Clearly (1 2)g =g since (1 2)f = /. We claim that (3 S)g = (4 5)g = g,
so by Corollary 16, g = 0. Indeed, (3 5)g = (3 5)f + (3 5X4 5) + (3 5)%/ = (3 5)f +
(45)3 4)f +f=(35) +(45)+[=g. Similarly, (45)g=g. O

We are now ready to prove the 2-symmetric analogue of Lemma 10.

Lemma 18. Let f € A be 2-symmetric identity of Fn, n> 2, in which the

x occur with zero co-

monomials X, X X, X X_ +++ X and KX X X Xy e Xy

172737475 2n 41 3
efficients. Then [ = 0.

Proof. Assume [# 0, so some monomial M_ occurs with coefficient o _# 0.
We split the proof into two steps.

Step (a). We claim that a monomial with nonzero coefficient exists in f, in
which there is a single contact between (x, x,) and (x;, x,). Indeed, the mon-
omial M_ we started with must have a certain (positive) number of contacts be-
tween (xl, x,) and (x3, x4), or it would have zero coefficient by Corollary 13.

If the number of these contacts is 1, there is nothing to prove. Suppose now
there are two such contacts. Then in one of the pairs both members must take
part in the contacts. Assume this pair is (x}, x,). (The two contacts may occur
in various ways, such as XXX, X X5 e XX 4 XXX X, etc.) We claim that

an additional variable must occur in M_, which does not touch the pair (xa, x4).

o
Indeed, x, and x, have 4 sides and so at most 4 contacts with other variables,
and two of these contacts are already occupied by x; and x,. Thus x; and x,
have at most 2 contacts with variables other than x, and x,. But there are in
M, at least 3 variables other than x,, x,, x;, x, (for 2n + 1 > 7), so one of
them, say x, does not touch xjand x,. By Corollary 17 g = [+ (1 5)f + (2 5)f
= 0. Equating to zero the coefficient of M_ in g we get a + Q¢5),+ Q(p5y,=
0. As a_# 0, one of the other terms, say A(15y00 is also nonzero. But L5y
is the coefficient in ./ of a monomial obtained from M _ by interchanging x, and

x5, thus having only one contact between (x;, x,) and (xs, x ). Suppose finally
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that M, has more than two contacts between (x,, x,) and (x;, x,). Then one
variable, say x,, must touch both members of the other pair and M_ contains a
block of the form x 3% %, In order that there should be more than two contacts,
x, must touch this block, so we may assume M_=... XX 3%,%, ++. Substitute
in f a semirigid substitution of the form

ey () ey e

and obtain the equation Qrgagt Qyozst A3p04= 0. Since the first term does
not vanish (this is ao), neither does one of the other terms. The second term is
the coefficient of a monomial with only one contact, and the third, with two con-
tacts. Therefore this case is reduced to one of the former cases. For the rest of
the proof we assume, then, that in M_ there is a single contact between (xl, xz)
and (x;, x,).

Step (b). Interchanging x,, x, or x;, x, does not change the coefficients of
monomials of f. Therefore we may deduce from step (a) that a monomial with non-
zero coefficient exists in f, in which the single contact between (xl, "2) and
(xa, x4) is x, %, or x; +Xx,. Suppose for instance that in M the contact is
PRESY We shall then show that the coefficient of XX ,%g .. Xop4l is nonzero,
contradicting the assumptions. (The case of contact x; - x, leads similarly to
the conclusion that a,;,,5,.:3,,; # 0, which is also a contradiction.) By Corol-
lary 15, permuting the variables Kgpwonn Xo ) does not influence the vanishing
or nonvanishing of the coefficient, so no importance will be attached to their
order in the sequel. We distinguish several cases according to the relative order
of x, x, %, %, in the monomial. *

Case (0). M contains the block X X 5% 3% 40 We shall show that this block
can always be shifted one position to the left without annihilating the coefficient.
Thus by a finite number of shifts the contradiction is obtained. If there are at

least two more variables on the left of the block, M_ has the form ..: x x x x x,x

57671727374
and we make the following (semirigid ) substitution:

cee x x

5 6 *

1 x, X3 Xy oo

e (o)) ey ey, (ey) ey €13

By the (12)-symmetry we get as usual, As61234 T X612354 = 0, so ag ,354 £0.
Since x,, x4 do not touch (x,, x,), we can interchange them to get the required
conclusion Q612345 # 0. If there are less than two variables on the left of the
block then either there are none, in which case we have nothing to prove, or there

is only one. In this case, since M_ has at least 7 variables, there must be at
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least two variables on the right of the block, so that M_ has the form

X gx x,% %, xcx,. Here xg and x| do not touch (XS’ x4) so we conclude that al-
SO O ys23467 £ 0. We substitute
x, xg X, X, x, Xg Xy oeee
(e)) ey ey, (ey) ey Tt

and get (using (34)-symmetry) A sa3467F F1234657 = 0. This implies %1234657
# 0, concluding case (0).
Case (1). M =---x et x,x3000x,++-. By Lemma 12 interchange x, with

x,’s immediate neighbor on the left and x, with x3’s immediate neighbor on the

right, getting a contradiction by case (0).
Case (2). M =«+ox, .- XXy eee X, +++. By Lemma 12 interchange x,
with the leftmost variable in M_ and x, with the rightmost. The following monom-

ial has therefore nonzero coefficient: x, +.. x,x; -+ x,. Since there are at

least 7 variables, either x, and x,, or X3 and x, are separated by at least two

variables, and we may assume that the monomial has the form x, -+« x,x 3% 5%

-+« x,. Since x, and x, do not touch (xl, xz) We may Pass to X« e+ X X ;X X

R hence to Xgooe X XXX Xoeee, thus obtaining a reduction to case (0).

Case (3). M':r=...x2x3 4 1
«vex «+o. If x, is not in the leftmost position we can pass to « -+ x X X x
-«+, which is again case (0). If x, is in the leftmost position, substitute

cete X, ++ex, ++s, from which we pass to -+ x x x

37 4

x X x cee x cee

2 3 4

ey €5y leyy) wee (e ) wen,

and conclude a . # 0, a contradiction.

1234+
Case (4). MU=---x Xgeee X e X enn, from which we pass to cee XX,

273 2

cevx oo %, If x,) is not in the leftmost position, pass to ««+ X X, X5+ X,
hence to case (1). If x, is in the leftmost position interchange x, with the
variable in the (27 — 1)th position. Since there are at least 7 variables, the
monomial thus obtained has the form x, x,xx, -+ x;%x,, and interchanging x4
and x (they do not touch (xl, "2)) we arrive at the monomial x,x3x x -«
XXX of case (3).

The remaining cases, M, = --- X =- X oo XX e and M_ = --. X e
X, e XX, are treated exactly as cases (3) and (4) respectively, inter-

273
changing left and right. O

Corollary 19. If n> 2, then every 2-symmetric polynomial in A belongs to B.

Proof. Let f € A be 2-symmetric and denote by a; and @, the coefficients of

X XyXaX Ko voe Xy and XK XX Ko oo Xy g dn f. Define g =0,9,-a,9, (see the

1%2%3%4%s ° 2n 2n+
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notation preceding Lemma 12) , and note that g belongs to B and has the same coeffi-

cients as [ for the above monomials. Therefore f —g € A is a 2-symmetric polynomial

for which these coefficients vanish, so by Lemma 18 f-g =0, i.e. f=g €B. O
Combining Theorem 7, Theorem 11 and Corollary 19 we arrive at the main the-

orem.

Theorem 20. If n > 2, then B = A, i.e. every multilinear identity of F, of
degree 2n + 1 follows from the standard identity 5, O

Remark. Theorem 20 is false for n = 2, for it can be shown that the identity

[[xlxz][x3x4] + [x3x4][xlx2], xS] does not follow from S

5. The dimension of the space of identities A. In this section we compute
the dimension of the space of identities A, assuming » > 2. By Theorem 20 we
know that A is spanned by the identities ¢, ¢, Xij (defined at the beginning
of §3). Later on we shall show that the ¢,’s and the X;;'s excluding x,,, form
a basis for A, hence dim A = (27 + 1) - 1. Consider first the operation of
Ohk 41 (= %(1 + (kk + 1))) on any poly nomial spanned by the ¢.’s and X;;'s- Let

2ntl 2ntl

= z a,'¢,'+ z )’,-,-xij

i=1 1,751 s
and apply 0,, ., to [. If i, j#k k+1 then 0, ¢, = Ok 41X; = 0 therefore

2ntl

ek 1) = Tpp+1 | % Pr * Co1Prr * > (VieXie + Vik+1Xik+1)
i=1;i#k, k+1

2ntl

+ > (yijkj + Yk+1j><k+1,') + Vhe+1 Xk 41 * VhemeXe+12) |+
j=1; 77k, kt+1

Using the list preceding Lemma 8, we have
2041/ = 0 (D + Bier) + iy + i)

+ 2 Galxat Xik+1) * Vi1 Xip 1 + Xin)
ik ,k+1

+ Z (ykj(Xk]' -~ X +1]‘) + yk+1j(xk+lj - ij))
j#k ke t1

* Ve ik 41+ Xer1e) + Yee1e X410 + Xk +1)

= (ak +ay Ny + Bpyp) + > (Ve + Vir DXk + Xigep)
ik k+1

+ k2k+1 (}’k]- - yk"'lj)(xki - Xk+1j) + (ykk"'l + yk"'lk)(xkk*l + Xk+lk)'
j# i
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The next lemma shows that the (kk + 1)-symmetric terms of the last expression are
linearly independent.

Lemma 21. Let

2n+1
8= “(¢'k + ¢k+l) + Z Ci(xki - xk+1i)
i=1; imk b +1
2ntl
+ > 40Xk * Xip+1) + X 41 + Xp+12)"
i=1; irk k +1

If g=0thena=c,=d, =e=0 for i=1,cee, b=1,k+2,00e,2n+1,

Proof. In this proof, ;k will mean '‘x, omitted”” and 1 will mean *‘plus or

minus b.”’ In the equation g = 0, equate to zero the coefficients of the monomials
~ A a A -

X

17 Mgt T Kok Rar A0 Xy e XX g e X Xy M F e Y O
obtain, respectively, the equations i(a'er_1 +e)=0 and i(d2n+1 +et Ci) =0.
It follows that ¢, =0 fori=1, 00, k=1,k+ 2, ++¢,2n+ 1. Similarly, the
monomial X, cee X, (X XX, 4 occe ;i Xy ({#k-1,k, k+1) leads to
:‘:(dk_l - di) =0, or di = dk -1 i.e. all the d’s are equal. (We assume here k>
1. For k=1 we get the same result from x, _,x,xx) «+ex; eeX) . This re-
mark applies also in the next two cases.) The monomial x,x, e+ x, (x, , +o*
X ml yields a + (- l)"'ldk_.1 =0, but if we interchange the block x, _,x, , in
this monomial with its neighbor on the right (or on the left, if £ + 1 happened to
be 2n + 1) we get a + (- l)kdk_1 = 0. Thus a =d,_, = 0 and since all the d;’s
are equal, they all vanish. From the first equation d2n+l + e =0 we finally con-
clude that e =0. O

In particular, we shall require the following

Corollary 22. The following polynomials are linearly independent:

pr=b+ ¢y P3=X12t Xov
2ntl 2ntl )

by= > (Xz‘l+xi2)’ bs= 2 =Dxy; = X
i=3 i=3

(Compare Lemma 9.) O
We are now ready to construct a basis for A.

Lemma 23. The polynomials ¢, i=1,+++,2n+1, and X, &, j=1, 2,
m+ 1, i 4, (i) £(12), span A.

Proof. We shall first show, using Theorem 7, that the ¢.'s together with all
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of the X ’s span A. Indeed, the standard polynomial is spanned by the ¢o!.’s,
for s, ., =¢; - byttt by - Also, it is clear that the 2-symmetric poly-
nomials in B (hence in A) are spanned by the xi].’s. It will therefore suffice to
treat the l-perfect polynomials and we do this, say, for the (1 2)-perfect case.

In $3 it was shown the dimension of the space of the (1 2)-perfect polynomials is
4. The polynomials Py by Dy P occurring in L.emma 22 are (1 2)-perfect (com-
pare Lemma 9), and being independent they form a basis for that space. But they
are clearly spanned by the ¢ ;’s and xij’s. .

Next we claim that the polynomial 5 = 2i2="1+1 (-1y 212.;’1*;11.'4]. X;; is the zero
polynomial. Once the claim is established, it is clear that x,, is spanned by
the rest of the xi].’s and the proof of the lemma will be completed. For a fixed
j, consider the polynomial 2?:;;11.# X;;- This polynomial is (kl)-skew symmetric
for all k, [ #j, for by Lemma 8 we have

2n+1

|l 2 X)) T kXt X)) =0

=15 i#j

Now consider oklb° By what we have just seen, 0,; annihilates all the terms
in the summation on j, except possibly those corresponding to j =k and j=1/.
Thus

2ntl 2ntl
0P =0y, (-1)* Z X,-k"'(“l)l Z Xi1
i=1; =k 1=1; 1%l
2ntl
SEDRo (g + CDIE ol + DIk
i=1;i=k,l

and we conclude by Lemma 8 that 0, ,h = 0. Since b is skew symmetric in every

for some a € F. But the coefficient of x x. «+-
2n+1 172

Xyns1 i b is O (to see this denote the coefficient of y,. in the sum defining

pair of variables, b =as
b by a. and note that the coefficient of x, ++ox, . in his o, + o+
aptrrrt e =0=-D+0-D+:-+(1-1)=0), s0a=0and h=0. O

Theorem 24. The polynomials ¢, i =1,.«++,2n+ 1 and Xip bi=1, 0,
2n+ 1, i £, (i, ) £(12) form a basis for A.

Proof. With Lemma 23 in our hands, we have only to prove that the poly-

. . . _$2n4l 2n+1
nomials are linearly independent. Let f = 2i=1 ap, + Ei.].___l; i4; VijX;j Where
Y1, = 0 is put in for comvenience, and assume [ = 0. By the computations pre-
ceding Lemma 21 we can write
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2ntl
204 0f = oy + ay D By + Bpay) + 2 i + Ve X * Xin )
i=1;i#k,k+1
2n+l
+ z (ykj - )’k+1j)(xkj - Xk+1j)
i1 =k ,k*1

 Wppar + yk+1k)(xkk+l + Xp+1p) = 0-

It fol‘lows from Lemma 21 that, forall i, j £k, k+1, Vi * Viksr = Ve~ Vieatj = 0,
that is, y,, =-y; , and Yei = Yes1;° These relations clearly imply that, for all
.S, ¥,s = y;, = 0. The given equality /=0 now reduces to 2 a,¢,=0, from
which it easily follows that a, =0 for i=1, -+, 27+ 1 (e.g. consider the coef-
ficient of xx a

~
cee X een
4

1 ‘2n+1)'
Corollary 25. dim A= (Qn + )2 = 1=4n(n+1). O

6. An example. In this section we introduce an identity in A, which is not
immediately seen to belong to B.

Theorem 26. The polynomials

o
h, = > 2 D Xo1) " Foti- 1Y 2n+1%0(i) * " Fo(2ny
i=2,4,++,2n 0€Z,
o
bo = Z Z (-1 Xty Fotio ¥ m+1%06) X o(2n)

i=1,3,:+,2n+1 0€Z,
n

are identities of F_.

Lemma 27. Let 1‘(:6l s, xk)‘be a multilinear polynomial which vanis bes
under every simple substitution u = (al, e, ak) from Fn such that a, =e_ is

idempotent. Then f is an identity of F .

Proof. Since / is multilinear it suffices to show that it vanishes under every
simple substitution from F_. Let a simple substitution u = (al, cee, ak) be
given, for which 2, =e__, r #s. Then, using the assumption of the lemma, we
may write /(al, ey ay g e’s) = /(al, e, a, g ers) + /(al, sy dL ess) =
/(al, cee,a, e, ess), and prove that the right member of the equation van-
ishes. Let 7 be the similarity transformation of F,determined by 1 +e__ (this

is a regular matrix whose inverse is 1 ~e ). Then r: e _+e > e__ and we

S
T (T T

have f(a!’ By G T ess) - /(al’ ey ess) = 0. (Remark: (aT,, e
Fd . . . . . .. X

a, 4 ess) is not, in general, a simple substitution. However, it is a sum ot

simple substitutions, all of which have e__ for the last term and thus annihilating

/). But 7 is monomorphism so we may conclude that f(al, cresdy g€t ess)

=0. O
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Notation. My ; =Xg1y*** Xo; 1 2n41%0(i) ** " Xo(2ny

1<i<2n+ 1.

for o € 2271 and

Proof of Theorem 26. We shall prove that F_ satisfies the identities b+
be and h - h,, from which the conclusion obviously follows. The case of bo -
h, is easy, for b ~h,=s, . andthis is anidentity of F . We proceed to
show that F  satisfies the identity b+ b _, which may be written in the form

o5 2n+l
}Jo + })e = 20‘622" (— 1) 2i="1+ M

polynomial vanishes under every simple substitution u = (al oo

By Lemma 27 it is enough to show that this

1@y p1)s for

which @91 =€,y To this end, we apply the Amitsur-Levitzki theorem and ob-
. o .

tain P=s, (a,, -+, aZn) = Eaezzn(— 1) Bo1y*** Qo(a,y = 0. Define A4, =

o,i°

(o
{o € Eznl %501y "t o) = ekl}’ and note that ZUGAU(-— 1) A1) " Qo) =

Lei€hl for a suitable Ly € F. Since

n

n
(o
P=2 X (1 A1) """ Po(2n) = 2 Lerr = 05
k=1 O’eAkl k=1

we conclude that 7, = 0 for all %, /. Consider any o for which A1y " Cotan)

1y c_(?n)) must then have the form (eiliz' € iriy’

), and we let v_ denote the number of occurrences of the num-

#0. The sequence (a <, a

e. . ,eve,e. .
1324 2n12n+1

ber 7 in the derived sequence (il, Ly, oot ). We claim that if two permuta-

i
> "2n+1
tions 0, 7 belong to the same Akl then v = v, There are several cases to con-
sider and we treat, for example, the case where r # &, [. In this case v, is sim-

ply half the number of occurrences of r in the indices of the unit matrices @y, e,

a,,» and this number does not depend on the order of the matrices, hence must be
the same for all permutations in A, A similar argument can be given in the
cases where 7 is equal to one of k, [ or both. Denote the common value of 128
for all o € A,; by v, ;- Notice that v = v, is precisely the number of places

in the product A1y """ Co(any where the factor a =e _ can be inserted

2n+l r
without annihilating the product (and, of course, without altering its value). There-

fore

2nt1
(og
2 D ‘E o) " oti-1¥ 20 +1% ) """ Yo(2m)
;=

creAkl

Qs

o
2 0%y Cot2n) = Vitlki€rs = 0-

creAkl

But (b + hNay, -, a2n+1) is just the sum of all the Q,’s and so must vanish,
that is, b+ 5, is an identity of F, O

Theorem 20 may now be used to obtain
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Corollary 28. The. identities b _and b, belong to B, i.e. they follow from
the standard identity Sy, O

Remark. In the i-summation defining b _, the first and last terms are clearly

identities of F , obtained from s, by multiplying on the left and right (respec-

tively) by x, .. Therefore the following polynomial is also an identity of F :

[eg
> 2 DTy X 1 am Yot Mooy
i=3,5,**,2n-1 0‘622
n
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Added in proof. A complete analysis of the multilinear identities of F, was

carried out by A. A. Klein and S. Rosset, using a computer. It turns out that the
dimension of these identities is 29, and they all follow from the standard identity
s, and the identity [[xlxz][x3x4] + [x3x4][x1x2], xs]. Similiar results were
brought to my attention by R. Kruse.
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